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CONSTRUCTING THE SHIELDS CURVE 
 

PART A: FUNDAMENTALS OF THE SLIDING, ROLLING AND LIFTING 
MECHANISMS FOR THE ENTRAINMENT OF PARTICLES 

 
 

S.A. Miedema1 
 
 

ABSTRACT 
 
 
Prediction of the entrainment of particles is an essential issue for the study of erosion phenomena 
in many applications. The original Shields curve describes the entrainment of many particles at 
many locations and is thought critical to general transport. The mechanisms involved in general 
are sliding, rolling and lifting, new models of which have been developed. I will introduce new 
concepts for the determination of the effective velocity and the acting point of the drag force, 
based on integration of the drag force over the cross section of the exposed particle (where 
earlier models were based on integration of the velocity), the behavior of turbulence intensity 
very close to the virtual bed level and the factor of simultaneous occurrence of the small 
turbulent eddies. The resulting values of the Shields parameter, based on practical and reasonable 
properties, are compared with data, resulting in the best correlation for the sliding mechanism 
with the data of many researchers. The Shields parameter found for rolling and lifting 
overestimates the measurements from literature. Sliding seems to be the mechanism moving the 
top layer of the particles, while rolling and lifting are much more mechanisms of individual 
particles. In the new model it is considered that in the laminar region entrainment is dominated 
by drag and the influence of small turbulent eddies, while in the turbulent region this is 
dominated by drag and lift. The transition region is modeled based on sophisticated interpolation. 
The model correlates very well with the original data of Shields (1936) and data of others and 
also matches the empirical relation of Soulsby & Whitehouse (1997) well. The model is suitable 
for incorporating exposure and protrusion levels and laminar main flow. 
 
Part B of this publication gives a sensitivity analysis, describes the influence of exposure and 
protrusion levels and compares the model with data from different points of view like terminal 
settling velocity, shear stress, friction velocity, erosion flux and laminar main flow. 
 
 

                                                 
1 Associate Professor & Educational Director, Offshore & Dredging Engineering, Delft University of Technology, 
Mekelweg 2, 2628CD  Delft, The Netherlands. Email: s.a.miedema@tudelft.nl  
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INTRODUCTION 
 
 
Erosion is displacement of solids (soil, mud, rock and other particles) usually by the agents of 
currents such as, wind, water, or ice by downward or down-slope movement in response 
to gravity (Wikipedia). Erosion can be induced by natural currents or by human intervention. 
The purpose of this research is to find a mechanistic, transparent mathematical formulation for 
the initiation of motion of particles in a flow field. This phenomenon is often referred to as 
erosion or scour, while also terms like threshold velocity, incipient motion and entrainment are 
used. A sub-goal of the research is to use as few as possible empirical coefficients (not proven by 
either fundamental science or scientific research) and to use practical and reasonable values for 
the different properties. To understand the influence of the physical phenomena involved, such 
as gravity, drag, lift and turbulence, a step by step approach is applied, each step adding an 
influence factor to the model, starting with gravity and drag, then adding lift and finally 
turbulence. This research is initiated out of scientific curiosity into the mechanistic background 
of the Shields curve. 
 
 

PREVIOUS RESEARCH 
 
 
Introduction 
 
Erosion exists as long as the planet earth exists and it is one of the natural processes that has 
shaped or planet. In modern ages man tries to control nature and to be able to do so, man has to 
understand the physics behind these natural processes. Although there may have been others 
before, Shields (1936) was one of the first who managed to give some physical explanation to 
the erosion phenomena and to found this with experiments. The results of his research are shown 
in Figure 1 together with the resulting theoretical curve from the current research. The original 
research as carried out by Shields in 1936 was based on a limited number of experiments and 
should be looked at in the context of the technology in that period. So it was and is a big 
achievement of Shields to find a relation for the initiation of motion of (spherical) particles that 
still holds today, although many have carried out additional research and tried to find a physical 
and mathematical explanation. These explanations usually incorporate phenomena such as 
gravity, drag, lift and turbulence and are based on sliding, rolling or lifting. Aspects such as, 
which velocity to use for the drag and the lift, where is the point of action of the drag force, the 
choice of the angle of repose and the pivoting angle are not always consistent. Especially the 
definition of incipient motion, is it when one particle starts moving, or many and then how many, 
is interpreted differently by different researchers. Some use sliding as the main mechanism, 
others rolling and a few lifting. Almost everybody uses the drag coefficient for spheres because 
many experiments are carried out for spheres, but real quarts grains have a larger drag coefficient 
especially at high Reynolds numbers. In general each of these models lacks one of these 
phenomena and/or aspects. The modeling usually stops, if a model has sufficient correlation with 
the data of many researchers (Buffington & Montgomery, 1997) and with the original Shields 
diagram (Shields, 1936).  
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Concept of Initiation of Motion 
 
Dey distinguished 3 types of concepts for the definition of initiation of motion (Dey, 1999). The 
first type of concept is based on bed particle motion through visual observations. Kramer (1935) 
defined 4 different bed shear conditions, (1) no transport, (2) weak transport, (3) medium 
transport and (4) general transport. Although clear limits between these 4 levels do not exist, 
Kramer defined threshold shear stress to be the stress initiating general transport. Vanoni (1975) 
distinguished 5 levels, (1) no transport, (2) negligible transport, (3) small transport, (4) critical 
transport and (5) general transport. The Delft Hydraulics Laboratory carried out research in the 
sixties and seventies (DHL, 1972) and distinguished 7 levels of erosion, (1) occasional particle 
movement at some locations, (2) frequent particle movement at some locations, (3) frequent 
particle movement at many locations, (4) frequent particle movement at nearly all locations, (5) 
frequent particle movement at all locations, (6) permanent particle movement at all locations and 
(7) general transport. Graf and Pazis also distinguishes 4 levels of erosion but based it on the 
number of particles per unit area being entrained (Graf & Pazis, 1977), (1) N=1, (2) N=10, (3) 
N=100 and (4) N=1000. All the measurements show that the highest level (general transport) 
gives values in the Shields diagram slightly above the Shields curve. The Shields curve matches 
measurements between critical and general transport (Vanoni, 1975), between N=100 and 
N=1000 (Graf & Pazis, 1977) and between frequent particle movement at all locations and 
general transport (DHL, 1972).  
 

 
Figure 1: The original Shields diagram (Shields, 1936) and the resulting theoretical curve 

from the current research 
 
 

0.1 1 10 100 1000
0.010.01

0.10.1

11
Original Shields Diagram vs Theory

Re*

Sh
ie

ld
s 

Pa
ra

m
et

er

Theory E=0.5 Original Shields Data



WEDA Journal Vol. 12, No. 1 

4 

The second type of concept is based on sediment flux in such a way that sediment threshold is 
the shear stress at which the extrapolated sediment flux becomes zero (Shields, 1936). USWES 
however set a concept of sediment threshold that tractive force results in a general motion of bed 
particles (USWES, 1936). Later this was changed to sediment threshold as a minimum flux. 
The third type of concept is based on field measurements in marine environments. 
 
Dey (and many others) concludes that the inconsistencies of these concepts lead to widely 
varying results (Dey, 1999), although the results of Vanoni (1975), Delft Hydraulics (1972) and 
Graf & Pazis (1977) show consistency. Maybe part of the scatter is caused by not understanding 
the physics of erosion completely.  Figure 2 gives an impression of the scatter of a collection of 
measurements found in Yalin & Karahan (1979) and used in publications of Julien (1995) and 
Zanke (2003), complemented with measurements from different sources. 
 

 
Figure 2: Data digitized and copied from Zanke (2003), Julien (1995), Yalin & 

Karahan (1979), Shields (1936) and others 
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Models on Sediment Threshold 
 
Since there are many models available, only the most relevant ones, in the context of this paper, 
will be discussed. Shields (1936) introduced the fundamental concepts for initiation of motion 
and made a set of observations (see Figure 1) that have become legendary. From dimensional 
analysis and fluid mechanics considerations he deduced the relation between the ratio of the bed 
shear stress 2

b f *uτ = ρ ⋅  and the gravitational force on a particle s f( ) g dρ − ρ ⋅ ⋅  as a function of 
the boundary Reynolds number * *Re u d /= ⋅ ν . Based on curve fitting on his observations, the 
famous Shields curve was born. Later many experiments were carried out by numerous scientists 
of whom Buffington & Montgomery give a nice summary (Buffington & Montgomery, 1997). 
Buffington also gives critical analyses of the developments since Shields did his first findings 
(Buffington, 1999). In fact Shields did not derive a model or an equation, but published his 
findings as a graph (Figure 1). It is inconvenient that the Shields diagram is implicit; the friction 
velocity *u  appears in both the horizontal and the vertical axis. However with modern computers 
this should not be any problem. 
 
Although less famous, Hjulstrom also carried out his research in the thirties (Hjulstrøm, 1935) 
and (Hjulstrøm, 1939). He presented his work in a graph showing the relation between the 
erosion velocity (average velocity above the bed) and the grain diameter. The graph, although 
explicit, depends on the water height, standard a height of 100 cm is used. For a certain water 
height, the Shields diagram can be converted to the Hjulstrom diagram. A mathematical 
description of the Hjulstrom diagram could not be found. 
The equilibrium of a single particle resting on a granular bed was studied by White (1940). He 
obtained an expression for the threshold shear stress, but neglected the lift force. Later Kurihara 
(1948) extended the model and proposed some empirical equations for the estimation of 
threshold shear stress. 
 
Egiazaroff (1965) found a relation between the threshold shear stress and the particle Reynolds 
number. He assumed that at the moment of incipient motion the velocity at a height of 0.63 d⋅  is 
equal to the terminal settling velocity of the particle. His results did not match the original 
Shields data quantitatively, although some relation will exist. 
 
An extended Shields diagram was developed by Mantz (1977) followed by a graphical 
representation of a large volume of data by Yalin & Karahan (1979) (see also Figure 2) 
 
The Ikeda-Coleman-Iwagaki model was presented by Ikeda (1982) and is based on the work of 
Iwagaki (1956) and Coleman (1967). The model is based on the assumption that the initiation of 
motion mechanism is sliding. Gravity, drag and lift are taken into account, but turbulence and 
grain placement are neglected. The zero level for the velocity profile is taken at the base of the 
grain exposed to the flow and the velocity used is at the center of the grain, so at y d / 2= . This 
means that the grain is exposed to drag over the full height of the grain. For vd / 0.5δ <  the 
velocity profile of the viscous sub-layer is applied giving * * * *F(Re ) u / u u d / (2 ) Re / 2= = ⋅ ⋅ ν = , 
while for vd / 2δ >  the logarithmic velocity profile for rough boundaries is applied giving

* *F(Re ) u / u 6.77= = . In the transition area, v0.5 d / 2< δ <  the fit for the velocity profile 
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proposed by Swamee (1993) or Reichardt (1951) can be used by setting y d / 2=  and sk d= . 
This leads to the following equation for the Shields parameter: 
 

2
D L *

4 1
3 C C F(Re )

µ
θ = ⋅ ⋅

+ µ ⋅
 

(1) 

 
This equation is valid for horizontal beds, but the effect of a slope can easily be incorporated. 
Considering two angles of internal friction (repose), 40°φ = , ( 0.84µ = )  and 60°φ = , ( 1.73µ = ) and 
further assuming that sk 2 d= ⋅ , L DC 0.85 C= ⋅  and using the standard relations for the drag 
coefficient for spheres, Garcia (2008) shows the resulting curves, compared with the original 
Shields (1936) data (fig. 2-17). The 40°φ =  curve underestimates the values of the Shields 
parameter compared with the original Shields data, while the 60°φ =  curve gets close, but still 
gives to small values. A 60°φ =  friction angle however is unreasonably high. The curve predicted 
follows the trend of Shields data, but is about a factor 1.6 smaller for the 40°φ =  case. A 
predecessor of this model was advanced by Egiazaroff (1965). 
 
The Wiberg & Smith (1987A) model is based on the assumption that the initiation of motion 
mechanism is rolling. Gravity, drag and lift are taken into account and to some extend also 
turbulence. The equilibrium of moments around a pivot point is taken, where the location of the 
pivot point is defined as the contact point with an underlying particle under an angle 0φ  with the 
vertical. This angle is named the particle angle of repose or the dilatation angle. This angle 
differs from the internal friction angle, as used in the Ikeda-Coleman-Iwagaki model, because the 
internal friction angle (angle of natural repose) is a global soil mechanical parameter, where local 
variations are averaged out, while the pivot angle is a local angle matching a specific 
configuration of the grains. The resulting Wiberg-Smith equation is almost equal to the Ikeda-
Coleman-Iwagaki equation apart from the difference between the internal friction angle (using 
the friction coefficient) in equation (1) and the pivot angle in equation (2). 
 

0
2

D 0 L *

tan( )4 1
3 C tan( ) C F(Re )

φ
θ = ⋅ ⋅

+ φ ⋅
 

(2) 

 
Wiberg & Smith (1987A) use the velocity profile as proposed by Reichardt (1951) providing a 
smooth transition between the viscous sub layer and the logarithmic profile. A lift coefficient of 

LC 0.2=  is applied in the turbulent region, while it is assumed that particles residing completely 
in the viscous sub layer are not subject to lift. The calculations are carried out using 0 50°φ =  and 

0 60°φ =  with sk d= . In Wiberg & Smith (1987B) the average velocity on the particle is applied, 
giving *F(Re ) 6.0=  for the hydraulic rough region. The model matches the original Shields data 
well for the turbulent rough region for 0 60°φ = , but overestimates the Shields data for the laminar 
flow in the viscous sub layer. The first conclusion does not come as a surprise, since 0 60°φ =  is 
equal to 1.73µ =  in the Ikeda-Coleman-Iwagaki model and Wiberg & Smith use a smaller lift 
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coefficient, resulting in a slightly higher curve. For the small Reynolds numbers the resulting 
curve overestimates the original Shields data. Wiberg & Smith (1987A) solve this by introducing 
turbulence. They state that periodic intrusions of high momentum fluid erode the viscous sub 
layer and produce locally higher boundary stresses. When the instantaneous boundary shear 
stress is sufficiently large, movement is more likely. To implement this, the thickness of the 
viscous sub layer is reduced to 60%, maintaining the momentum of the flow, resulting in higher 
instantaneous velocities by a factor 1.66. This lowers the curve in the lower Reynolds area and 
gives a good match with the Shields data. This effect of turbulence however is the same for the 
whole lower Reynolds area and influences the asymptotic value of the Shields curve going to a 
Reynolds number of zero. 
 
Dey (1999) developed a detailed model based on rolling as the mechanism for incipient motion. 
The model includes gravity, drag and lift and even Magnus lift forces, but no turbulence. The 
Morsi & Alexander (1972) relation for the drag coefficient is used, while the Saffman (1965) 
approach for the lift force is followed. Additionally the lift due to the Magnus effect is used for 
large Reynolds numbers. Based on detailed mathematics the lever arms for the equilibrium of 
moments are derived. The average velocity acting on the sphere is determined by integration of 
the velocity over the actual surface of the sphere, depending on the virtual bed level. The 
Reichardt (1951) velocity profile is used. The resulting equation for the Shields parameter is 
similar to equation (2), but much more detailed. There is an excellent agreement between the 
model developed by Dey and the experimental data used for a pivot angle of 0 32°φ = . For the 
particle considered, a particle resting on top of 3 other particles in a dense 3D configuration, the 
exposure level would be near 1.0 and the protrusion level near 0.8. According to a detailed study 
of Luckner (2002) this would result in a pivot angle of about 0 20°φ = .  
 
Zanke (2001) and (2003) follows an approach different from all other researchers. Starting with a 
non-dimensional shear stress based on tilting a bed of particles and assuming that the shear stress 
exerted at the moment the top layer of the particles starts to move, he deducts the influences of 
turbulence and lift and finds a curve that is in good correlation with experimental data. The base 
non dimensional shear stress is set to (1 n) tan( / 1.5)θ = − ⋅ φ , where the porosity n is set to 0.3 and the 
friction angle to 30°φ = . This starting point can be disputed since the driving force when tilting a 
bed until the grains start to move is gravity, while the main influence in initiation of motion is 
flow. The way turbulence is incorporated, both in drag and in lift is very interesting. The basis of 
the turbulence influences is the equation formulated by Nezu & Nakagawa (1993) for the 
turbulence intensity parallel to the wall as a function to the distance to the wall. Close to the wall 
in the viscous sub layer the turbulence intensity is about r.m.s.u 0.3 y+ += ⋅ , where the time averaged 
velocity profile is known to be u 1 y+ += ⋅ . Taking total r.m.s.u u 2.2 u 1.66 u+ + + += + ⋅ = ⋅ , should give the 
same result as Wiberg & Smith (1987A) found by reducing the thickness of the viscous sub layer 
to 60%. Zanke (2001) uses a factor of 1.8 instead of 2.2, but then his approach is completely 
different. Zanke (2001) must also have noticed that the asymptotic value of the curve for very 
low Reynolds numbers decreases when adding the influence of turbulence as stated above. Now 
it can be discussed whether the virtual bed level for the time averaged velocity and the 
turbulence intensity are exactly the same. By choosing a lower virtual bed level for the time 
averaged velocity, the ratio between the turbulence intensity and the time averaged velocity is 
zero at the virtual bed level for the turbulence intensity, resulting in an asymptotic value that is 
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not influenced by the turbulence. Another interesting addition in the model of Zanke (2001) is 
the influence of cohesion, although it is the question which fundamental forces are taken into 
account. 
 
Stevenson, Thorpe & Davidson (2002) and Stevenson, Cabrejos & Thorpe (2002) look at the 
process of incipient motion from the perspective of chemical engineering and also incorporated 
the rolling resistance. For small Reynolds numbers (viscous sub layer) the lift force is neglected. 
It should be noted that a number of fit equations to the Shields data exist in order to be able to 
calculate the Shields parameter. A well know equation is the equation of Brownlie (1981) based 
on the Bonneville (1963) parameter. 
 

0.9
*17.77 D

0.9
*

0.22 0.06 e
D

−− ⋅θ = + ⋅  
(3) 

 
Soulsby & Whitehouse (1997) defined another fit equation, based on the Bonneville (1963) 
parameter. The two fit equations differ in the asymptotic values. Brownlie uses 0.06 for very 
large Reynolds numbers, while Soulsby & Whitehouse use 0.055. As we will see later, this 
difference is not very relevant. The asymptote for very small Reynolds values for the Brownlie 
equation is proportional to 0.9Re− , while Shields (1936) proposed 10.1 Re−⋅ , but Soulsby & 
Whitehouse found a value of 0.3, matching the mechanistic models as shown in the equations (1) 
and (2).   
 

( )*0.02 D

*

0.30 0.055 1 e
(1 1.2 D )

− ⋅θ = + ⋅ −
+ ⋅

 
(4) 

 
Often it is found that for real sands and gravels the values found for initiation of motion 
(depending on the definition of course) are smaller than the ones found with the models and with 
the above equations. For this reason it is proposed to divide these equations by 2 for engineering 
purposes. Later we will see that this matches using the CD values for sands and gravels for large 
Reynolds numbers, but not for small Reynolds numbers. 
 
 
Shortcomings of the Existing Models 
 
The existing models have developed during the years and have become more and more detailed. 
Still some shortcomings have been found and there is space for improvement. 

1. In general the exposure and protrusion levels used have not been well defined. 
2. When rolling is chosen as the mechanism for the initiation of motion, there is a relation 

between the protrusion level and the pivot angle and this cannot be chosen freely. 
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3. The choice of rolling, sliding or lifting as the main mechanism for the initiation of motion 
has not been motivated well. It is very well possible that at high protrusion levels rolling 
will occur, while at low protrusion levels the mechanism is sliding and at protrusion levels 
around zero the mechanism is lifting. Looking at nature this does not sound unreasonable, 
since nature will choose the mechanism with the least resistance. 

4. All models use the relations for the drag coefficient for spheres, which is reasonable 
realizing that many experiments are carried out for spheres, but in reality we have to deal 
with natural sands and gravel, so the drag coefficient for sand should be used. 

5. The models do not incorporate rolling resistance which is reasonable since quarts is very 
hard and thus the rolling resistance is very low. Still it is interesting to investigate the 
influence of rolling resistance at very high protrusion levels. 

6. The models are not based on lifting, which is also reasonable, since it can be proven 
mathematically that initiation of motion by lifting requires a higher shear stress than rolling 
or sliding, so sliding or rolling will already occur before lifting could occur. Unless the bed 
is fixed and one single grain is subjected to the flow at a very low protrusion level. 

7. It is difficult to distinguish between the influence of drag and lift, since both are in the 
denominator of equations (1) and (2). Considering full turbulent flow resulting in drag and 
lift, while turbulence is phased out due to the size of the particles in relation with the size 
of the small turbulent eddies and considering laminar flow resulting in drag and the 
influence of small turbulent eddies, enables us to tune the model on the different physical 
phenomena. 

8. The models use the velocity at the centre of the sphere, the average velocity on the sphere 
or the surface averaged velocity on the sphere. Also the lever arms for rolling are 
sometimes chosen at the centre of the sphere or are determined by the surface averaged 
velocity. Since the forces on the sphere are determined by the square of the velocity in a 
linear or logarithmic velocity profile, the effective velocity should be determined by the 
surface averaged square of the velocity. This will give the actual acting point and lever 
arm. 

9. The models are based on velocity profiles and not on the effect of the velocity on the forces 
on the sphere. Turbulence is a stochastic process and turbulence intensity should not be 
treated as a velocity profile.  

10. The cross section for dragging and lifting is often chosen as the cross section of the sphere 
and thus chosen equal. The cross section for dragging sand lifting should depend on the 
protrusion and exposure levels and be different for dragging and lifting.  

11. Using a velocity profile in the transition between laminar and turbulent flow is dangerous, 
since it is not only the velocity that changes, but also the contributions of lift and 
turbulence and for example the position of the acting point of the drag force. 
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KNOWNS AND UNKNOWNS 
 
 
The models identified with equations (1) and (2) contain a number of known’s and unknowns. 
The velocity profile and the drag coefficient can be determined theoretically or with semi-
empirical equations. The viscosity (at a fixed temperature) and the Karman constant are known 
constants. The friction coefficient and the pivot angle can be found from many experiments or 
calculated geometrically. The main unknowns are the influence of turbulence and the influence 
of the lift coefficient. It is only useful to have different unknowns in a model if they can be 
isolated and measured independently. Looking at  equations (1) and (2) we can see that both drag 
and lift are in the denominator and both drag and lift can be subject to the influence of 
turbulence, but then these influences cannot be isolated and measured separately. In general it 
can be assumed that lift does not occur in a laminar viscous flow, while the influence of small 
eddies is phased out for larger particles in a turbulent flow. So we will consider drag and 
turbulence for laminar viscous flow occurring at boundary Reynolds numbers below 5 and we 
will consider drag and lift for turbulent flow for boundary Reynolds numbers above 70. Since the 
drag based on the time averaged velocity profile is deterministic, this means that in the laminar 
viscous flow the only influence to make the model match the measurements is the turbulence, 
while in the turbulent flow the only influence to make the model match the measurements is the 
lift force. If there would be some lift force in the laminar viscous flow, the influence will be 
incorporated in the turbulence modelling, while a possible influence of turbulence in the 
turbulent region will be incorporated in the lift force modelling. 
 
 

DEFINITIONS 
 
 
Before starting with the model it is convenient to define a number of parameters as they are often 
used in literature. 
 
The relative submerged specific density dR  is defined as: q w

d
w

R
r - r

=
r

 (5) 

The term friction velocity comes from the fact that b w/t r  has 
the same unit as velocity and it has something to do with the 
friction force. The bottom shear stress is often represented by 
friction velocity *u , defined by: 

b
*

w
u

t
=

r
 

(6) 

The Shields parameter q  is the ratio between the force resulting 
from the bottom shear stress and the force resulting from 
gravity: 

2
*

d

u
R g d

q =
× ×

 (7) 

The boundary Reynolds number: *
*

u dRe ×
=

n
 (8) 
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The roughness Reynolds number: * s
s

u k
k+ ⋅

=
ν

 (9) 

The distance to the wall Reynolds number: *u yy+ ⋅
=

ν
 (10) 

The original Shields graph is not convenient to use, because both 
axis contain the shear velocity u* and this is usually an 
unknown, this makes the graph an implicit graph. To make the 
graph explicit, the graph has to be transformed to another axis 
system. In literature often the dimensionless grain diameter *D  
is used, also called the Bonneville (1963) parameter: 

d3* 2
R g

D d
⋅

= ⋅
ν

 

(11) 

The relation between the Shields parameter and the Bonneville 
parameter is: 

1.5
* *Re D= θ ⋅  (12) 

So the Bonneville parameter is a function of the Shields number 
and the boundary Reynolds number according to: 

3/2
*

*
ReD 









θ
=

 
(13) 

Another parameter that is often used for the horizontal axis is the 
so called Grant and Madsen (1976) parameter or sediment fluid 
parameter: 

1.5
* *

*
D ReS

4 4
= =

⋅ θ  
(14) 

The particle Reynolds number, which differs a factor 4 from the 
Grant and Madsen parameter: 

1.5 *
p *

ReRe D= =
θ  

(15) 

The non-dimensional velocity 

*

u(y)u
u

+ =
 

(16) 

The non-dimensional laminar sub-layer thickness v *
v

u
11.6+ δ ⋅

δ = =
ν  

(17) 

The particle drag Reynolds number is the Reynolds number used 
to calculate the drag coefficient CD. This Reynolds number 
differs from the particle Reynolds number, using the effective 
velocity used to calculate the drag force on a particle. 

D *Re Re= ⋅α ⋅
 (18) 
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VELOCITY DISTRIBUTIONS 
 
 
Scientific Classification 
 
Figure 3 shows the classification of flow layers. Starting from the bottom we have: 

1. Viscous sub layer: a thin layer just above the bottom. In this layer there is almost no 
turbulence. Measurement shows that the viscous shear stress in this layer is constant. The 
flow is laminar. Above this layer the flow is turbulent. 

2. Transition layer: also called buffer layer. Viscosity and turbulence are equally important. 
3. Turbulent logarithmic layer: viscous shear stress can be neglected in this layer. Based on 

measurement, it is assumed that the turbulent shear stress is constant and equal to bottom 
shear stress. It is in this layer where Prandtl introduced the mixing length concept and 
derived the logarithmic velocity profile. 

4. Turbulent outer layer: velocities are almost constant because of the presence of large eddies 
which produce strong mixing of the flow. 

 

 
Figure 3: Scientific classification of flow region (Layer thickness is not to scale, turbulent 

outer layer accounts for 80% - 90% of the region) (Liu Z. , 2001) 
 
 
Engineering Classification 
 
In the turbulent logarithmic layer the measurements show that the turbulent shear stress is 
constant and equal to the bottom shear stress. By assuming that the mixing length is proportional 
to the distance to the bottom (ℓ=κy), Prandtl obtained the logarithmic velocity profile. Various 
expressions have been proposed for the velocity distribution in the transitional layer and the 
turbulent outer layer. None of them are widely accepted. However, by the modification of the 
mixing length assumption, see next section, the logarithmic velocity profile applies also to the 
transitional layer and the turbulent outer layer. Measurement and computed velocities show 
reasonable agreement. Therefore in engineering point of view, a turbulent layer with the 
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logarithmic velocity profile covers the transitional layer, the turbulent logarithmic layer and the 
turbulent outer layer, see Figure 3.  
 
As to the viscous sub layer. The effect of the bottom (or wall) roughness on the velocity 
distribution was first investigated for pipe flow by Nikuradse. He introduced the concept of 
equivalent grain roughness ks (Nikuradse roughness, bed roughness). Based on experimental 
data, it was found that: 

1. Hydraulically smooth flow for 5ku s* ≤
ν
⋅ , Bed roughness is much smaller than the thickness 

of viscous sub layer. Therefore, the bed roughness will not affect the velocity distribution. 
2. Hydraulically rough flow for 70ku s* ≥

ν
⋅ , Bed roughness is so large that it produces eddies 

close to the bottom. A viscous sub layer does not exist and the flow velocity is not 
dependent on viscosity. 

3. Hydraulically transitional flow for 70ku5 s* ≤
ν
⋅

≤ , The velocity distribution is affected by bed 

roughness and viscosity. 
 

 
Figure 4: Engineering classification of flow region (Layer thickness is not to scale) 

(Liu Z. , 2001) 
 
 
Turbulent Layer 
 
In the turbulent layer the total shear stress contains only the turbulent shear stress. The total shear 
stress increases linearly with depth (equation (19) or Figure 4), i.e. 
 

t b
y(y) 1
h

 τ = τ ⋅ − 
 

 (19) 
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By Prandtl’s mixing length theory: 
2

2
t

du
dy

 
τ = ρ ⋅  

 
  (20) 

 
And assuming for the mixing length: 
 

0.5yy 1
h

 = κ ⋅ ⋅ − 
 

  (21) 

 
With κ the Von Karman constant (κ=0.412) and h>>y, we get: 
 

b *udu 1
dy y y

τ
= ⋅ =
κ ⋅ ρ κ ⋅

 (22) 

 
Integration of the equation gives the famous logarithmic velocity profile (law of the wall): 
 

*

0

u yu(y) ln
y

 
= ⋅  κ  

 (23) 

 
Where the integration constant y0 is the elevation corresponding to zero velocity (uy=y0=0), given 
by Nikuradse by the study of the pipe flows. 
 

0
*

y 0.11
u
ν

= ⋅  Hydraulically smooth flow 5ku s* ≤
ν
⋅  (24) 

0 sy 0.033 k= ⋅  Hydraulically rough flow 70ku s* ≥
ν
⋅  (25) 

sk
0 26

s s

y 1 1 1 e
k 309 k

+

−

+

 
 = + ⋅ −
 ⋅  

 Hydraulically transition flow 70ku5 s* <
ν
⋅

<  (26) 

 
It is interesting to note that the value of the friction velocity u*, which, by definition, has nothing 
to do with velocity, is the value of the flow velocity at the elevation y=y0·eκ, thus: 
 

0
*y y eu uκ= ⋅

=  (27) 
 
 
Viscous Sub Layer 
 
In the case of hydraulically smooth flow there is a viscous sub layer. Viscous shear stress is 
constant in this layer and equal to the bottom shear stress, i.e. 
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b
du
dyντ = ρ ⋅ ν ⋅ = τ  (28) 

Integrating and applying uy=0=0 gives: 
 

2
b *

*
uyu(y) y y u+τ

= ⋅ = ⋅ = ⋅
ρ ν ν

 (29) 

 
Thus, there is a linear velocity distribution in the viscous sub layer. The linear velocity 
distribution intersects with the logarithmic velocity distribution at the elevation *y 11.6 / u= ⋅ ν , 
yielding a theoretical viscous sub layer thickness vδ : 
 

*u
6.11 ν
⋅=δν  (30) 

 
The velocity profile is illustrated in Figure 6, with the detailed description of the fluid velocity 
near the bottom. 
 

 
Figure 5: The transition smooth-rough (Guo & Julien, 2007)  
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Bed Roughness 
 
The bed roughness ks is also called the equivalent Nikuradse grain roughness, because it was 
originally introduced by Nikuradse in his pipe flow experiments, where grains are glued to the 
smooth wall of the pipes. The only situation where we can directly obtain the bed roughness is a 
flatbed consisting of uniform spheres, where ks = diameter of sphere. But in nature the bed is 
composed of grains with different size. Moreover, the bed is not flat, various bed forms, e.g. sand 
ripples or dunes, will appear depending on grain size and current. In that case the bed roughness 
can be obtained indirectly by the velocity measurement. 
 

 
Figure 6: Illustration of the velocity profile in hydraulically smooth and rough flows 

 (Liu Z. , 2001) 
 
 
The Transition Laminar-Turbulent 
 
Reichardt (1951) derived an equation for the velocity that describes a laminar linear profile up to 
an y+  value of about 5, a turbulent logarithmic profile from an y+  value of about 40 and a 
transition velocity profile from 5 to 40 that is in excellent agreement with measurements made in 
that zone (see Schlichting (1968), p. 601). Equation (31) and Figure 7 show this velocity profile. 
Wiberg & Smith (1987A) and others also use this velocity profile. 
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y
0.33 y11.6

*

u(y) ln(1 y ) ln(1 / 9) ln( ) y1 e e
u 11.6

+

+
+ +− − ⋅

 + κ ⋅ + κ  = − ⋅ − −
 κ κ
 

 (31) 

 

 
Figure 7: The velocity profile from laminar to smooth-turbulent 

 
 
The Transition Smooth-Rough 
 
The transition between hydraulic smooth and rough flow can be approximated in many ways, but 
the resulting equation should match measurements like shown in Garcia (2008) (fig. 2.3). The 
following equations (derived by the author), give a very good approximation of this transition, 
where the distance to the wall equals the roughness. Equation (32) gives the velocity as a 
function of the non-dimensional distance to the wall y+ (equation (10)) and the non-dimensional 
roughness ks

+ (equation (9)).  
 

s sk k0.95 0.95
11.6 11.6

* s

u(y ) 1 y 1 yln e ln 1 e
u 0.11 0.033 k

+ +
+ + +− ⋅ − ⋅

+

     = ⋅ ⋅ + ⋅ ⋅ −       κ κ ⋅     
 (32) 

 
Since v * v11.6 u / += δ ⋅ ν = δ  and v * v0.11 0.11 u / / 11.6 0.0095 += ⋅ δ ⋅ ν = ⋅ δ  and the influence of 
the second right hand term (giving 95 instead of 105), equation (32) can be written as:  
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s s

v v

k k0.95 0.95

* v s

u(y ) 1 y 1 yln 95 e ln 30 1 e
u k

+ +

+ +
+ + +− ⋅ − ⋅

δ δ
+ +

      = ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ −        κ κδ       

 (33) 

 
In terms of the dimensional parameters for the distance to the wall y, the roughness ks and 
thickness of the laminar layer δv this gives: 
 

s s

v v

k k0.95 0.95

* v s

u(y) 1 y 1 yln 95 e ln 30 1 e
u k

− ⋅ − ⋅
δ δ

      = ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ −     κ δ κ     

 (34) 

 
Figure 8 shows the non-dimensional velocity u+ at distances y=ks, y=0.9ks, y=0.8ks, y=0.7ks, 
y=0.6ks, y=0.5ks and, y=0.4ks from the wall. Up to a Reynolds number of 20 and above a 
Reynolds number of 70 equation (33) matches the measurements very well, between 20 and 70 
the equation underestimates the measured values, but overall the resemblance is very good. 
 

 
Figure 8: The transition smooth-rough for a number of distances to the wall 
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THE ANGLE OF INTERNAL FRICTION/THE FRICTION COEFFICIENT 
 
 
When the mechanism for the initiation of motion is sliding, friction is involved. The angle of 
repose of granular material is often referred to as the angle of internal friction of the material in a 
loose condition. By rotating a bed until the top layer of particles starts to move (slide or roll) the 
angle of repose is determined, which is the slope angle at that point. Another way of determining 
this angle is to poor the particles on a surface and measure the slope angle of the cone shaped 
heap of particles that is formed. In literature a value between 30 35° − °  is mentioned for natural 
sands. Naden (1987) distinguishes between the friction angleφ , the dilatation angle ψ  and the 
friction angle at zero dilatation 0φ . Where 0φ = ψ + φ , with values of 35φ = ° , 30ψ = °  and 0 5φ = °  
(Kirkby & Statham, 1975). The value of 0φ  deals with the sliding of a quarts sphere on a quarts 
surface, so Coulomb friction, and could be related to rolling resistance. Figure 9 shows the angle 
of repose for different materials and grain sizes. The relation between the friction coefficient and 
the angle of repose is: 
 

tan( )µ = φ  (35) 

 

 
Figure 9: Angle of repose for granular material (Simons, 1957)  

 
 
It should be noted that the angle of repose, in this context, is a global soil mechanical parameter, 
which can be used as an average value when the whole top layer starts to move. Individual 
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particles may encounter a different value. It should also be noted that the angle of repose is 
related to friction, which always has to do with the dissipation of energy, so it should not be 
mixed up with the pivot or dilatation angle which is related to resistance but not to the 
dissipation of energy. 
 
 

THE PIVOT ANGLE/THE DILATATION ANGLE 
 
 
When the mechanism for the initiation of motion is rolling, a pivot angle is involved. For spheres 
there is a geometrical relation between the pivot angle and the protrusion level. The pivot angle 
is sometimes referred to as the dilatation angle, which however is a global soil mechanical 
parameter and it is preferred not to use it as a local parameter, so we will use the term pivot 
angle. Luckner (2002) (page 18) determined the pivot angle for 3D sphere configurations, from 
protrusion levels ranging from 0% to 82%. In fact the maximum protrusion level of a sphere on 
top of other spheres in a 3D configuration is 82%. At a protrusion level of 0%, meaning the 
sphere is in between and at the same level as the surrounding spheres, the pivot angle is 90ψ = ° . 
At a protrusion level of 30% the pivot angle is 59ψ = ° , at 80% about 20ψ = ° , at 90% about 

12ψ = °  and of course at 100% 0ψ = ° . In between these values a linear interpolation can be 
carried out. It is obvious that one is not free to choose the pivot angle, since it is related to the 
protrusion level. 
 
 

THE MODEL 
 
 
Before developing the model a number of assumptions have to be made in order to have starting 
points for the modeling to match the Shields curve and the measurements from literature . These 
assumptions have to be reasonable, matching literature and practice. These assumptions are: 

1. The bed consists of spheres with one diameter d. 
2. The virtual bed level is chosen at 0.2 d⋅  below the top of the bed.  
3. The criterion for initiation of motion is chosen to be between critical transport and general 

transport according to Vanoni (1975), Delft Hydraulics (1972) and Graf & Pazis (1977). 
4. The exposure level E is chosen as 0.5 d⋅ , resulting in a protrusion level of 0.3 d⋅ , meaning 

that the standard sphere is exposed to the flow for 50% and reaches above the other spheres 
in the bed for 30%, based on Fenton & Abbot (1977) and Chin & Chiew (1993). 

5. For the model an internal friction angle (angle of natural repose) of 30φ = °  is chosen (for 
the sliding mechanism), which matches spheres and rounded particles of natural sands and 
gravel (see Figure 9).  

6. For the model a pivot angle of 59ψ = °  is chosen (for the rolling mechanism), which 
matches a protrusion level of 0.3 d⋅ , based on Luckner (2002). 

7. First full laminar flow will be considered up to a boundary/roughness Reynolds number of 
11.6 and full turbulent flow above 11.6. The laminar flow is described with equation (31) 
and the turbulent flow with equation (33). 
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8. Later a transition area is introduced with full laminar flow up to a boundary/roughness 
Reynolds number of 5, a transition zone from 5 to 70 and a full turbulent flow above 70, 
with logarithmic interpolation in the transition zone. 

9. For the laminar flow, the velocity at the top of the sphere is * *0.5 Re u⋅ ⋅ , resulting in an 
acting point at  Drag 0.5= , meaning at 50% of the flow field (see equation (31)). This also 
means the acting point is at 0.25 d⋅  above the centre of the sphere (based on a surface 
averaged square of the velocity). 

10. For the turbulent flow, the velocity at the top of the sphere is 
* *

0.5ln( )
0.033 u 6.6 u⋅ = ⋅
κ

, resulting in 

an acting point at Drag 0.655= , meaning at 65.5% of the flow field (see equation (33)). 
This also means the acting point is at 0.327 d⋅  above the centre of the sphere (based on a 
surface averaged square of the velocity). 

 
 

DRAG INDUCED SLIDING AND ROLLING 
 
 
To analyze the initiation of motion, the different physical phenomena will be taken into account 
one by one, starting with the drag force. Figure 10 shows the different forces (A) and moments 
(B) that play a role in drag induced motions. 
 

 
Figure 10: Drag induced sliding (A) and rolling (B) 

 
 
Drag Induced Sliding 
 
Let us consider a steady flow over a bed composed of cohesion less grains. The driving force is 
the flow drag force on the grain, assuming that part of the surface of the particle is hiding behind 
other particles and only a fraction E (the exposure level) is subject to drag: 
 

( )
221

D D w Drag * D2
dF C u f

4
π ⋅

= ⋅ ⋅ρ ⋅ ⋅ α ⋅ ⋅ ⋅  (36) 
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The velocity *uα ⋅ is the actual velocity at the top of the sphere, so for an exposure level of 0.5 in 
a laminar flow, this would be equal to * *0.5 Re u⋅ ⋅ , assuming the roughness is equal to the sphere 
diameter (see equation (30)). In a turbulent flow this gives * *ln(0.5 / 0.033) / u 6.6 uκ ⋅ = ⋅  (see 
equation (33)). The velocity Drag *u⋅ α ⋅ is the effective velocity resulting from integration of the 
velocity squared over the part of the sphere that is subject to flow. For an exposure level of 0.5 in 
a laminar flow the factor Drag 0.5= . In a turbulent flow Drag 0.655= . In fact the factor Drag  
gives the point of action of the drag force related to the exposure level E. The factor Df  is the 
fraction of the cross section being subject to drag and this factor is 0.5 for an exposure level of 
0.5.  
 
The submerged weight of the particle is: 
 

6
dg)(F

3

wqw
⋅π

⋅⋅ρ−ρ=  (37) 

 
At equilibrium the drag force is equal to the friction force: 
 

D wF F= µ ⋅  (38) 
 
By substituting equation (36) and equation (37) in equation (38), this can be written as: 
 

2 3
21

D w Drag * D q w2
d dC ( u ) f ( ) g

4 6
π ⋅ π ⋅

⋅ ⋅ ρ ⋅ ⋅ α ⋅ ⋅ ⋅ = µ ⋅ ρ − ρ ⋅ ⋅  (39) 

 
Which can be re-arranged into (showing the Shields parameter): 
 

2
*

2 2
d Drag D D

u 4 1
R g d 3 f C

µ
θ = = ⋅ ⋅

⋅ ⋅ α ⋅ ⋅
 (40) 

 
 
Drag Induced Rolling 
 
In the case of rolling the sphere will pivot around the contact point with a sphere below, which 
has an angle with the vertical named the pivot angle ψ . There may be some rolling resistance 
which can be taken into account by introducing the friction angle for rolling Rollφ . This friction 
will be very small for quarts-quarts rolling and is taken 1°  in the calculations. The equilibrium 
equation for rolling is: 
 

D Lever Roll w RollF ( cos( )) R F sin( ) R⋅ + ψ + φ ⋅ = ⋅ ψ + φ ⋅  (41) 

 



WEDA Journal Vol. 12, No. 1 

23 

With Lever  the distance of the acting point of the drag force above the centre of the sphere. This 
distance is Lever 0.5=  for laminar flow and Lever 0.655=  for turbulent flow. Substituting 
equations (36) and (37) in equation (41) gives the following equilibrium equation. 
 

2
21

D w Drag * D Lever Roll2

3

q w Roll

dC ( u ) f ( cos( )) R
4

d( ) g sin( ) R
6

π ⋅
⋅ ⋅ρ ⋅ ⋅ α ⋅ ⋅ ⋅ ⋅ + ψ + φ ⋅

π ⋅
= ρ − ρ ⋅ ⋅ ⋅ ψ + φ ⋅

 

 (42) 

Lever Drag1 2 E (1 )= − ⋅ ⋅ −   (43) 
Which can be re-arranged into (showing the Shields parameter): 
 

2
Roll*

2 2
Drag D D Lever Roll

sin( )u 4 1
R g d 3 f C ( cos( ))

ψ + φ
θ = = ⋅ ⋅

⋅ ⋅ α ⋅ ⋅ ⋅ + ψ + φ 
 (44) 

 
 
The Drag Coefficient 
 
Equations (40) and (44) contain the drag coefficient, which is one of the mainly experimental 
determined coefficients influencing the value of the Shields parameter. In 1851 Stokes 
theoretically derived the drag coefficient for spherical particles in a laminar flow and found that 
(for pRe 0.5< ): 

D
p

24C
Re

=  (45) 

For large Reynolds numbers the drag coefficient of spheres is a fixed number for which often the 
value of 0.445 is used. In the intermediate range of Reynolds numbers many fit functions are 
known. A good fit function for the transitional region has been derived by Turton & Levenspiel 
(1986), which is a 5 parameter fit function to the data as shown in Figure 11: 
 

0.657
D D 1.09

D D

24 0.413C (1 0.173 Re )
Re 1 16300 Re−

= ⋅ + ⋅ +
+ ⋅

 (46) 
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Figure 11: Experimental data for drag coefficients of spheres as a function of the Reynolds 

number (Turton & Levenspiel, 1986) 
 
 

The models derived to describe the Shields curve use the drag coefficient of spheres and hardly 
any discussion about this has been found in literature, although it is known that for sands and 
gravels the drag coefficients, especially at large Reynolds numbers, are larger than the drag 
coefficient for spheres. Engelund & Hansen (1967) found the following equation based on 
measurements and found it best suited for natural sands and gravels (Julien, 1995): 
 

D
D

24C 1.5
Re

= +  (47) 

 
It must be noted here that in general the drag coefficients are determined based on the terminal 
settling velocity of the particles. Wu & Wang (2006) recently gave an overview of drag 
coefficients and terminal settling velocities for different particle Corey shape factors. The result 
of their research is reflected in Figure 12 and Figure 13. Figure 12 shows the drag coefficients 
as a function of the Reynolds number and as a function of the Corey shape factor. Figure 13 
shows the drag coefficient for natural sands and gravels. The asymptotic value for large 
Reynolds numbers is about 1, while equation (47) shows an asymptotic value of 1.5. To 
emphasise the effect of the natural sands and gravels, equation (47) will be used in the model for 
natural sands and gravels, while equation (46) is used for spheres. 
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The Reynolds number used to calculate the drag coefficient is based on the velocity determined 
by the actual surface averaged velocity squared, according to equation (18). 
 

 
Figure 12: Drag coefficient as a function of the particle shape (Wu & Wang, 2006) 

 
 
Figure 14 shows the results of equation (40) for sliding and equation (44) for rolling. It is 
obvious from this figure that the Shields parameter found as a function of the boundary Reynolds 
number overestimates with regards to the measurements, except for very small Reynolds 
numbers, so there must be other phenomena that have to be taken into account, like lift forces 
and turbulence. It is also clear from this figure that the curve for rolling is higher than the curve 
for sliding, out of which the conclusion can be drawn that the general mechanism of initiation of 
motion for critical to general transport is sliding and not rolling. The asymptotic value of the 
curve for sliding at very small Reynolds numbers is about 0.26, matching the asymptotic value of 
Soulsby & Whitehouse of 0.3 given in equation (4). The minimum at a Reynolds number of 23.2 
is caused by the fact that, at that Reynolds number, the top of the sphere reaches the top of the 
viscous sub layer, so at lower Reynolds numbers laminar viscous flow is considered and at 
higher Reynolds numbers turbulent flow. 
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Figure 13: Drag coefficient for natural sediments (Sf=0.7) (Wu & Wang, 2006) 

 
 
Pilotti & Menduni (2001) also derived a model based on drag and gravity only, for laminar main 
flow up to boundary Reynolds numbers of about 100. They assume that the sphericity of the 
grains is such that the drag coefficient of spheres can be applied. Using almost uniform grains in 
the range of 0.08 to 3 mm, the boundary Reynolds number was also varied by using a water 
glucose mixture with different densities, resulting in viscosities varying from 61.01 10−⋅  to 

42.81 10−⋅  in m2/sec. Turbulence is not taken into account in the model. The mechanism for 
initiation of motion was rolling of individual particles with pivot angles of 35° , 40°  and 45° . 
The resulting curves (only for the laminar region) have the same shape as the curves in Figure 
14 with asymptotic values of 0.13, 0.19 and 0.27 for the 3 pivot angles. The measured values of 
the Shields parameter are comparable with the data in Figure 14 for the very low Reynolds 
numbers ( *Re 1< ), but higher in the intermediate range ( *1 Re 100< < ), matching the curve for 
sliding. It is difficult to compare the results exactly with  Figure 14, since the exposure level of 
the model of Pilotti & Menduni (2001) is not known. In Part B of this publication these 
measurements are analyzed in relation with laminar (turbulence free) main flow. 
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Figure 14: Drag induced initiation of motion 

 
 

DRAG AND LIFT INDUCED SLIDING, ROLLING AND LIFTING 
 
 
Drag induced sliding and rolling overestimates the Shields parameter compared with the 
measurements, so there must be other influences. The first influence considered is lift as is 
shown in Figure 15. The lift force is assumed to be upwards directed. Based on literature and 
theory, lift is assumed to occur in the turbulent region only. 
 

 
Figure 15: Drag and lift induced sliding (A) and rolling (B) 
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Drag and Lift Induced Sliding 
 
Let us consider the steady flow over a bed composed of cohesion less grains. The driving forces 
are the flow drag and lift forces on the grain, assuming that part of the surface of the particle is 
hiding behind other particles and only a fraction E (the exposure level) is subject to drag and lift. 
This gives the following equation for the drag force: 
 

( )
221

D D w Drag * D2
dF C u f

4
π ⋅

= ⋅ ⋅ρ ⋅ ⋅ α ⋅ ⋅ ⋅  (48) 

 
The lift force is written in the same way, but it is assumed that the lift force is determined by the 
velocity difference between the top and the bottom of the particle and the surface that is subject 
to lift is the projected horizontal cross section subject to the flow, this factor Lf 1=  for an 
exposure level E 0.5= , while the factor for drag Df 0.5=  in this case: 
 

2
21

L L w * L2
dF C ( u ) f

4
π ⋅

= ⋅ ⋅ρ ⋅ α ⋅ ⋅ ⋅  (49) 

 
The submerged weight of the particle is: 
 

6
dg)(F

3

wqw
⋅π

⋅⋅ρ−ρ=  (50) 

 
At equilibrium the drag force and the friction force are equal (note that the friction force is 
reduced by the lift): 
 

)FF(F LwD −⋅µ=  (51) 
 
Substituting the equations (48), (49) and (50) into (51) results in the following equation: 
 

2 3 2
2 21 1

D w Drag * D q w L w * L2 2
d d dC ( u ) f ( ) g C ( u ) f

4 6 4
 π ⋅ π ⋅ π ⋅

⋅ ⋅ ρ ⋅ ⋅ α ⋅ ⋅ ⋅ = µ ⋅ ρ − ρ ⋅ ⋅ − ⋅ ⋅ρ ⋅ α ⋅ ⋅ ⋅  
 

  

(52) 
 
Which can be re-arranged into (showing the Shields parameter): 
 

2
*

2 2
d Drag D D L L

u 4 1
R g d 3 f C f C

µ
θ = = ⋅ ⋅

⋅ ⋅ α ⋅ ⋅ + µ ⋅ ⋅
 (53) 
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Drag and Lift Induced Rolling 
 
The equilibrium equation for rolling is: 
 

D Lever D Roll L Lever L Roll w RollF ( cos( )) R F ( sin( )) R F sin( ) R− −⋅ + ψ + φ ⋅ + ⋅ + ψ + φ ⋅ = ⋅ ψ + φ ⋅     (54) 

 
Substituting the equations (48), (49) and (50) into    (54) gives: 
 

2
21

D w Drag * D Lever D Roll2

2
21

L w * L Lever L Roll2

3

q w Roll

dC ( u ) f ( cos( )) R
4

dC ( u ) f ( sin( )) R
4

d( ) g sin( ) R
6

−

−

π ⋅
⋅ ⋅ ρ ⋅ ⋅ α ⋅ ⋅ ⋅ ⋅ + ψ + φ ⋅

π ⋅
+ ⋅ ⋅ρ ⋅ α ⋅ ⋅ ⋅ ⋅ + ψ + φ ⋅

π ⋅
= ρ − ρ ⋅ ⋅ ⋅ ψ + φ ⋅

 

  

(55) 
 
With the additional lever arms for drag and lift : 
 

Lever D Drag

Lever L

1 2 E (1 )

0
−

−

= − ⋅ ⋅ −

=

 


 

(56) 
 
Which can be re-arranged into the Shields parameter: 
 

2
Roll*

2 2
d Drag D D Lever D Roll L L Lever L Roll

sin( )u 4 1
R g d 3 f C ( cos( )) f C ( sin( ))− −

ψ + φ
θ = = ⋅ ⋅

⋅ ⋅ α ⋅ ⋅ ⋅ + ψ + φ + ⋅ ⋅ + ψ + φ  
 

(57) 
 
 
Lift Induced Lifting 
 
A third possible mechanism for the initiation of motion is pure lifting. This will occur if the lift 
force is equal to the gravity force according to: 
 

w LF F=  (58) 

 
Substituting the equations (48) and (50) into equation (58) gives: 
 

3 2
21

q w L w * L2
d d( ) g C ( u ) f

6 4
π ⋅ π ⋅

ρ − ρ ⋅ ⋅ = ⋅ ⋅ρ ⋅ α ⋅ ⋅ ⋅  (59) 

 
Which can be re-arranged into the Shields parameter: 
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2
*

2
d L L

u 4 1
R g d 3 C f

θ = =
⋅ ⋅ α ⋅ ⋅

 (60) 

Since it is assumed that lift only occurs in turbulent flow and not in laminar flow, this 
mechanism only applies for boundary Reynolds numbers higher than 70. For an exposure level 
of 0.5, the factor 6.6α = , the surface coefficient Lf 1=  and a lift coefficient of LC 0.423=  is 
applied, which will be explained in the next paragraph. This results in a Shields parameter of 
0.0726 for large boundary Reynolds numbers. How this relates to rolling and sliding will be 
discussed in the next paragraph. 
 
 
The Lift Coefficient 
 
The choice of the lift coefficient is a discussion in many of the models and many different values 
are found. Sometimes the lift coefficient is expressed as a fraction of the drag coefficient and 
sometimes as a constant. In most models however lift is present in the turbulent flow, but not in 
the laminar viscous sub layer. In this model also the choice is made to neglect lift in the laminar 
region, so for boundary Reynolds numbers below 5. Wiberg & Smith (1987A), Dey (1999), 
Pilotti & Menduni (2001), Stevenson, Thorpe & Davidson (2002)  and others support this 
assumption. For the turbulent region different values are used for the lift coefficient. 
 
 

 
Figure 16: The lift coefficient as a function of the particle Reynolds number 
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Wiberg & Smith (1987A) use a value of 0.2, while using D0.85 C⋅  in (Wiberg & Smith, 1987B) 
inspired by the work of Chepil (1958). Marsh, Western & Grayson (2004) compared 4 models, 
but also evaluated the lift coefficient as found by a number of researchers as is shown in Figure 
16. For large Reynolds numbers an average value of 0.2 is found, while for small Reynolds 
numbers the lift coefficient can even become negative. Luckner (2002) found a relation where 
the lift coefficient is about D1.9 E C⋅ ⋅  (including the effect of turbulence), which matches the 
findings of Dittrich, Nestmann & Ergenzinger (1996). For an exposure level of 0.5 this gives 

D0.95 C⋅ , which is close to the findings of Chepil (1958). Using a lift coefficient of 

D0.95 C 0.423⋅ =  for boundary Reynolds numbers above 70, results in Shields curves as shown 
in Figure 17. The resulting curves for boundary Reynolds numbers below 23.2 have not 
changed, but the curves for boundary Reynolds numbers above 23.2 have lowered to a level of 
about 0.058 for rolling and 0.052 for sliding for very large boundary Reynolds numbers. This 
implies that sliding will also be the main mechanism for the initiation of motion when lift is 
included in the model. Comparing the values of 0.052 for sliding and 0.058 for rolling with the 
value of 0.0726 for pure lift, gives the conclusion that pure lift will not play an important role in 
the initiation of motion for an exposure level of 0.5, independent of the choice of the lift 
coefficient, since the lift coefficient is involved in all 3 mechanisms. The curve found for sliding 
matches the data, although it is high for large boundary Reynolds numbers, but then some of the 
experiments were carried out in sand where a different drag coefficient should be used as will be 
shown later. Compared with Shields (1936) and many other researchers, a value of 0.052 for 
large boundary Reynolds numbers is in the range of what should be expected.  
 

 
Figure 17: Drag and lift induced initiation of motion. 
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TURBULENCE 
 
 
Turbulence describes the stochastic non-deterministic velocity fluctuations in a flow and 
although coherent structures exist in the occurrence of turbulence, turbulence has no long term 
memory. The implication of this is that turbulence cannot be described by a velocity profile, but 
instead it can be described by statistical properties. In general it is described by the turbulence 
intensity of the horizontal and vertical velocity and the intensity of the Reynolds stress. These 
intensities reflect the so called r.m.s. (root mean square) values of the velocity fluctuations. 
Assuming the velocity fluctuations are according to a normal or Gaussian distribution, the time 
and surface averaged velocity profiles represent the mean value of the distribution, as used in 
equations (31) and (33), while the standard deviation is represented by the r.m.s. value, also 
called the first moment of the distribution. The second moment and third moment correspond to 
two times and three times the r.m.s. value. The probability of having an instantaneous velocity 
higher than the standard deviation in the direction of the mean velocity is 14.9%, for the second 
moment this is 2.3% and for the third moment 0.13%. Wiberg & Smith (1987A) reduce the 
height of the viscous sub layer to 60%, resulting in an increase of 1/0.6=1.66 of the velocity in 
the viscous sub layer. Assuming a turbulence intensity of *0.3 y u+⋅ ⋅  (Nezu & Nakagawa, 1993) 

and a mean velocity of *y u+ ⋅ , implicitly this means adding 2.2 times the turbulence intensity to 
the mean velocity. Since Wiberg & Smith only apply this for low boundary Reynolds numbers 
where the particles are small with regard to the height of the viscous sub layer, implicitly this 
means adding a turbulence effect to small boundary Reynolds numbers (smooth boundaries) and 
not to large boundary Reynolds numbers (rough boundaries). Hofland (2005) in his PhD thesis 
states that fluctuations created by smaller eddies are negligible for larger particles due to phase 
cancellations when integrated over the surface of a stone. Zanke (2001) and later Luckner (2002) 
apply turbulent velocity fluctuations both for small and large boundary Reynolds numbers and 
add 1.8 times the turbulence intensity to the mean velocity. Nezu & Nakagawa (1977) and 
(1993) and Nezu & Rodi (1986) found the following relation for the turbulence intensity parallel 
to the wall. 
 

y yy
r.m.s. 10 10h

*

u
0.3 y e 2.26 e 1 e

u

+ +
− −−+

 
 = ⋅ ⋅ + ⋅ ⋅ −
 
 

 (61) 

 
The asymptotic value of the ratio between the turbulence intensity and the time and surface 
averaged velocity is 0.3. Measurements of this ratio, carried out by Eckelman (Hinze, 1975) on 
smooth walls as a function of the distance to the wall y+ , show a small increase near the wall to 
a value of 0.38 at y 4+ = . Approaching the wall further shows a decrease to a value of 0.24, but 
the measurements do not contradict the assumption of having a ratio at the wall of zero. Kim, 
Moin and Moser (1987) confirm these findings, but state that additional measurements show a 
finite value at the wall, although the measurements in their paper do not contradict a value of 
zero. Zanke (2003) assumes a ratio of zero at the wall and achieves this by shifting the time 
averaged velocity with respect to the distance to the wall. In fact implicitly this means that the 
virtual bed level for the time averaged velocity (which is chosen at 0.2 d⋅  below the top of the 



WEDA Journal Vol. 12, No. 1 

33 

spheres in this paper) is located lower than the virtual bed level for the turbulence intensity. 
Considering that the measurements of Eckelman and later Kim, Moin & Moser were carried out 
on a smooth wall where the wall is the virtual bed level, while here we consider a bed of grains 
or spheres where a virtual bed level has to be defined, resulting in a correct drag force on the 
spheres, there is no reason why the two virtual bed levels should be the same. The solution of 
Zanke, choosing two different virtual bed levels is one way of solving this problem. One can also 
choose one virtual bed level for both, the time averaged velocity and the turbulence intensity, but 
consider that below the top of the spheres, the turbulence intensity is decreased, due to the 
shadow effect of the spheres. Assuming the turbulence intensity to be zero at the virtual bed level 
and increasing proportional to the square of the distance to the wall, very close to the wall 
between the grains,  and proportional to the distance to the wall above the grains, this can be 
represented with the following equation:  
 

( )
'

yr.m.s. r.m.s.

* *

u u
1 e

u u
+−= ⋅ −  (62) 

 
Another reason for assuming a ratio of zero at the virtual bed level is the fact that the asymptotic 
value found for the Shields curve for the boundary Reynolds number approaching zero matches 
the measurements (see Figure 14 and Figure 17). Any ratio larger than zero would lower the 
curves found. Figure 18C shows the turbulence intensity according to equation (61), while 
Figure 18A shows the turbulence intensity very close to the wall. Figure 18B shows the 
difference between equation (61) and applying damping on the turbulence intensity very close to 
the wall according to equation (62). The turbulence intensity profile according to equation (62) 
does not contradict the findings of Nezu and Nakagawa (1993), Eckelman (Hinze, 1975) and 
Kim, Moin & Moser (1987) and matches the findings of Zanke (2003). Now it is the question 
how many times the standard deviation of the turbulence intensity should be used. Wiberg & 
Smith (1987A) implicitly used a factor 2.2 and Zanke (2003) used a factor 1.8 explicitly. Since 
we consider the initiation of motion, particles or spheres will start to entrain if there is one 
moment when the condition for entrainment is satisfied. On the other hand the Shields curve falls 
somewhere between critical and general transport, meaning that already many particles at many 
locations entrain. A factor of 3 will be chosen here, meaning that the probability of having a 
higher instantaneous velocity is only 0.13%, so about 1 out of 1000 occurrences of turbulent 
eddies. The factor n in equation (63), the turbulence intensity factor,  is chosen 3.  
 

' '
n r.m.s. r.m.s.

* *

u u
n

u u
⋅ = ⋅  (63) 

 
The resulting turbulence intensity profile should not be interpreted as a velocity distribution, 
since it describes the intensity of stochastic turbulent velocity fluctuations. This means that the 
influence of these fluctuations on the drag force can be derived by integrating the fluctuations 
over the height of a particle and in fact this should be added to the mean velocity and then the 
surface averaged value of the square of the total velocity should be determined. Taking the 
square root of this velocity and deducting the time averaged velocity gives the contribution of the 
turbulence. Since at one location the turbulent velocity fluctuations will be positive, while at the 
same time at other locations they will be negative, the probability that at one moment in time the 
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turbulent velocity fluctuations over the height of the particle are unidirectional in the direction of 
the time averaged velocity is almost zero. For very small particles having a diameter smaller than 
or equal to the size of the small turbulent eddies, this may still be the case, but with increasing 
diameter the influence of the eddies will decrease due to the fact that they cancel each other out. 
For very large particles the influence of this turbulence will reduce to zero. It is proposed to 
name this effect the probability of simultaneous occurrence effect and the factor determining the 
turbulent velocity that should be added to the time averaged velocity, the factor of simultaneous 
occurrence. The point of action of the resulting surface averaged square of the velocity is 
assumed not to change, although there is no reason for that. With the height *y E Re+ = ⋅  at the 
top of a particle with exposure level E, equation (64) is proposed for the factor of simultaneous 
occurrence and this is shown in Figure 18D. The resulting effective velocity profile is shown in 
Figure 18C and Figure 18A and used to calculate the resulting Shields curve as shown in 
Figure 19. 
 

2
y'
10eff n r.m.s.

* *

u u
e

u u

+ 
−  ⋅  = ⋅  (64) 

 
 

 
Figure 18: The contribution of turbulence to the velocity 
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From Figure 19 it can be concluded that the resulting curve matches the measurements very well 
for sliding, while the curve for rolling still overestimates the values of the Shields parameter. The 
transition point for the boundary Reynolds number is at 23.2, because the laminar regime extends 
to the point where the top of a grain reaches the thickness of the viscous sub layer. The two 
regions, laminar and turbulent do not connect very well, due to different physics and different 
conditions. In the laminar region drag and turbulence determine the values and the shape of the 
curves, while drag and lift determine this in the turbulent region. It should be noted here that 
having a smooth or a rough wall, is not the same as having laminar or turbulent flow around a 
particle. Smooth or rough depends on the relative roughness of the wall and this is represented 
by the boundary Reynolds number, which is equal to the roughness Reynolds number if the 
roughness is represented by the particle diameter, while laminar or turbulent flow is determined 
by the height of the particle exposed to the flow in relation to the height of the viscous sub layer. 
 

 
Figure 19: Drag, lift and turbulence induced initiation of motion 

 
 

THE TRANSITION ZONE 
 
The transition zone covers the transition from a laminar regime to a turbulent regime. This does 
not just involve the velocity profile. In the laminar regime, y 5+ < , the velocity profile is 
considered to be linear, but also the influence of small turbulent eddies is considerable, while in 
the turbulent regime, y 70+ > , the velocity profile is logaritmic and the lift force has a 
considerable influence. If we would carry out an interpolation between the linear and logaritmic 
velocity profiles only, like Wiberg & Smith (1987) and others did, we would neglect the fact that 
in the laminar regime we have the influence of snall turbulent eddies, while in the turbulent 
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regime they are phased out, and in the turbulent regime we have the lift force, while in the 
laminar regime this can be neglected. Also the point of action of the drag force changes 
considerably going from laminar to turbulent. So the interpolation has to be carried out on the 
Shields parameter itself, in order to take into account all the parameters that play a role. Since the 
Shields diagram is drawn in double logaritmic coordinates, the interpolation is carried out  the 
following way. First the distance to the wall as a function of the coordinate on the horizontal axis 
is determined according to: 
 

*
*

u E dy E Re+ ⋅ ⋅
ξ = = = ⋅

ν
 (65) 

 
A straight line in the double logarithmic diagram can be represented by: 
 

  
ln( )ln( ) A ln( )
ln( )

 ∂ θ
θ = + ξ ⋅  ∂ ξ 

 (66) 

 
A non dimensional distance of 5 is chosen as the limit of pure laminar flow in the viscous sub 
layer. At higher values there is a deviation of the linear velocity profile. The derevative of the 
Shields parameter with respect to the distance to the wall in the laminar region is: 
 

5 5

Lam

ln( ) ln( )ln( )
ln( ) ln(5) ln(5 )

−∆ξθ − θ ∂ θ
= ∂ ξ − − ∆ξ 

 (67) 

 
Now the constant A can be determined according to: 
 

Lam 5
Lam

ln( )A ln( ) ln(5)
ln( )

 ∂ θ
= θ − ⋅ ∂ ξ 

 (68) 

 
This results in the equation for the Shields parameter given by a straight line going to the 
right at a non dimensional distance from the wall above 5. 

 
Lam Lam

Lam

ln( )ln( ) A ln( )
ln( )

 ∂ θ
θ = + ξ ⋅  ∂ ξ 

 
(69) 

 
For the turbulent region the same procedure is applied, but at a non dimensional distance from 
the wall of 70. The derevative of the Shields parameter with respect to the distance to the wall in 
the laminar region is: 
 

70 70

Turb

ln( ) ln( )ln( )
ln( ) ln(70) ln(70 )

+∆ξθ − θ ∂ θ
= ∂ ξ − + ∆ξ 

 (70) 

 
Now the constant A can be determined according to: 
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Turb 70
Turb

ln( )A ln( ) ln(70)
ln( )

 ∂ θ
= θ − ⋅ ∂ ξ 

 (71) 

 
This results in the equation for the Shields parameter according to a straight line going to the 
right at a non dimensional distance to the wall below 70. 
 

Turb Turb
Turb

ln( )ln( ) A ln( )
ln( )

 ∂ θ
θ = + ξ ⋅  ∂ ξ 

 (72) 

 
The location in between the non dimensional distances to the wall of 5 and 70 is determined 
logaritmically according to:  
 

ln( ) ln(5)Q
ln(70) ln(5)

ξ −
=

−
 (73) 

 
So at 5 the value of Q is zero and at 70 the value is one. To ensure a smooth transition between 
the laminar and turbulent region, a sine shaped probability is introduced, giving a probability of 
one for Q at a non dimensional distance of 5 and zero at 70, according to: 
 

1 sin (2*Q 1)
2

P 1
2

 π + ⋅ −  
  = −  

(74) 

 
Now the values of the Shields parameter can be determined in the transition zone, based on the 
values and the direction of the curves found in the transition points at the non dimensional 
distances to the wall of 5 and 70. It should be noted that for an exposure level of 0.5, this is at 
values of the boundary Reynolds number of 10 and 140. 
 

Lam Turb
Lam Turb

ln( ) ln( )( ) Exp A ln( ) P A ln( ) (1 P)
ln( ) ln( )

       ∂ θ ∂ θ
 θ ξ = + ξ ⋅ ⋅ + + ξ ⋅ ⋅ −          ∂ ξ ∂ ξ       

 

(75) 
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Figure 20: Drag, lift and turbulence induced initiation of motion with transition 

interpolation 
 
 

The resulting curves for sliding and rolling are shown in Figure 20. The curve for sliding is still 
the lowest of the two curves and matches the data very well. The difference between sliding and 
rolling is small in the turbulent region and bigger in the laminar region. The main mode of 
entrainment is sliding, which makes sense, since many particles at many locations are entrained. 
Sliding seems to be the mechanism for making the whole top layer starting to move, while 
rolling is much more the mechanism of individual particles.  
 
 

CONCLUSIONS AND DISCUSSION 
 
 
A model to explain the Shields curve has been developed based on realistic values of the 
properties involved. The model correlates well with the original data of Shields (1936) (see 
Figure 1), the data collected by Yalin & Karahan (1979) and the data of others. Sliding, rolling 
and lifting are considered as the mechanism for entrainment, where sliding correlated the best 
with the data. Rolling gives higher values than sliding for the Shields parameter, while pure lift 
only occurs in the turbulent region at even higher values of the Shields parameter than rolling. 
Since sliding correlates the best and the fact that the original Shields data match critical to 
general transport, meaning that many particles at many locations are entrained, the main 
mechanism is sliding. Rolling and lifting are much more mechanisms of individual particles, 
while sliding may mobilize the whole top layer of the particles. Rolling by pivoting can only 
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occur if a pivot point exists, but when most particles in the top layer start to move, there often is 
no next particle, creating a pivot point. It can be expected however that particles having a higher 
exposure level than the 0.5 considered, will start to roll at lower values of the Shields parameter 
then predicted with the model.  
 
Some new concepts have been introduced, comparing the model developed with already existing 
models. First of all the definition of the exposure and protrusion level in relation with the flow 
field and the use of the acting velocity and lever arm. The acting velocity and lever arm are not 
estimated, but determined based on taking the square root of the surface averaged square of the 
velocity integrated over the cross section of the particle exposed to the flow. It is surprising that 
previous researchers choose an average velocity or surface averaged velocity, since we are 
dealing with forces. To find the acting point of a stress or pressure, the stress or pressure has to 
be integrated over the cross section exposed to the flow in order to determine the acting point 
and the effective value. The introduction of the influence of turbulence is not new, but the 
introduction of the effective turbulence influence, based on the factor of simultaneous occurrence 
is. Also here, it is not about a velocity distribution or turbulence intensity distribution, but it is 
about the probability of the resulting force on a particle taking into account the phase 
cancellations of the small eddies. The original turbulence intensity profile as proposed by Nezu 
& Nakagawa (1993) has been modified slightly, so not only the turbulence intensity at the virtual 
bed is zero, but also the derivative with respect to the distance to the wall. The laminar region is 
dominated by drag and small eddy turbulence, while the turbulent region is dominated by drag 
and lift. A transition zone is chosen for non-dimensional particle exposure heights from 5 to 70 
and a sophisticated interpolation method is used. 
 
Finally, the virtual bed level is chosen at 0.2 d⋅  below to top of the bed. In literature different 
values are used for the virtual bed level. Van Rijn (1984) and later Dey (1999) for example used
0.25 d⋅ . To interpret the value of the virtual bed level we have to consider that it is a value used 
to justify the velocity profile above the bed. Most probably, the velocity profile between the top 
of the grains will not follow the theoretical velocity profile, but most probably there will already 
be velocity at lower levels than the assumed virtual bed level. This implies that at very low 
exposure levels, resulting in negative protrusion levels, the velocity distribution should be 
corrected with respect to the theoretical profile. This also implies that the virtual bed levels for 
the time averaged velocities and the turbulence intensity do not necessarily have to be the same, 
justifying the modified turbulence intensity, but also the assumptions made by Zanke (2003). 
The fact that the model developed correlates very well with the data for very common values for 
the different properties, including the virtual bed level, proves that the model gives a good 
description of reality, without having the presumption of being reality.  
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LIST OF SYMBOLS USED 
 
 
A Surface or cross section m2 

LamA  Interpolation constant for the laminar region - 

TurbA  Interpolation constant for the turbulent region - 

DC  Drag coefficient - 

LC  Lift coefficient - 

d Sphere, particle or grain diameter m 

*D  The Bonneville parameter or non-dimensional grain diameter - 

E Exposure level - 

D Dragf ,f  Fraction of cross section exposed to drag - 

L Liftf , f  Fraction of top surface exposed to lift - 

DF  Drag force N 

LF  Lift force N 

wF  Weight of a particle N 

g Gravitational constant 9.81 m/sec2 

h Thickness of the layer of water m 

sk  Roughness often chosen equal to the particle diameter m 

sk+  The non-dimensional roughness or roughness Reynolds number - 

  The point of action of the drag force - 

  Mixing length m 

Drag  Drag point of action - 

Lift  Lift point of action - 
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Lever D−  Additional lever arm for drag - 

Lever L−  Additional lever arm for lift - 

n Turbulence intensity factor - 

P Probability used in interpolation - 

p/d Relative protrusion level - 

Q Factor used in interpolation - 

R Radius of sphere, particle or grain m 

dR  The relative submerged specific density - 

DRe  The particle drag Reynolds number - 

*Re  Boundary Reynolds number - 

pRe  The particle Reynolds number - 

*S  The Grant & Madsen parameter - 

u Time and surface averaged velocity m/sec 

*u  Friction velocity m/sec 

u+  Non dimensional time and surface averaged velocity - 

r.m.s.u  Turbulence intensity m/sec 

'
r.m.s.u  Modified turbulence intensity m/sec 

'
n r.m.s.u ⋅  The nth moment of the modified turbulence intensity m/sec 

eff .u  The effective modified turbulence intensity m/sec 

r.m.s.u+  Non dimensional turbulence intensity - 

totalu+  Non dimensional total velocity - 

V Volume m3 



WEDA Journal Vol. 12, No. 1 

42 

y Distance to the wall or virtual bed level m 

0y  Integration constant m 

y+  Non dimensional distance to the wall (Reynolds number) - 

α  The velocity factor at a certain exposure level - 

vδ  Thickness of the viscous sub layer m 

v
+δ  The non dimensional thickness of the viscous sub layer 11.6 

κ  Von Karman constant 0.412 

ρ  Fluid density kg/m3 

fρ  Fluid density kg/m3 

sρ  Solids density kg/m3 

wρ  The density of water or fluids kg/m3 

qρ  The density of quarts or solids kg/m3 

φ  Internal friction angle/angle of repose ° 

0φ  The Coulomb friction angle quarts-quarts ° 

0φ  Pivot angle in Wiberg & Smith (1987A) ° 

Rollφ  Friction angle for rolling resistance ° 

ψ  The dilatation angle ° 

ψ  The pivot angle ° 

θ  The Shields parameter or non-dimensional shear stress - 

5θ  The Shields parameter for 5ξ =  - 

70θ  The Shields parameter for 70ξ =  - 

τ  Total shear stress Pa 



WEDA Journal Vol. 12, No. 1 

43 

tτ  Turbulent shear stress Pa 

vτ  Viscous shear stress Pa 

bτ  Bed shear stress Pa 

ν  Kinematic viscosity m2/sec 

µ  Friction coefficient usually the tangent of the internal friction 
angle 

- 

Rollµ  Equivalent friction coefficient for rolling - 

ξ  The non-dimensional distance of the top of the sphere to the 
virtual bed level 

- 
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CONSTRUCTING THE SHIELDS CURVE 
 

PART B: SENSITIVITY ANALYSIS, EXPOSURE & PROTRUSION LEVELS, 
SETTLING VELOCITY, SHEAR STRESS & FRICTION VELOCITY, EROSION FLUX 

AND LAMINAR MAIN FLOW 
 
 

S.A. Miedema2  
 
 

ABSTRACT 
 
 
The model developed in Part A is verified and validated from 6 points of view. 

1. The traditional Shields diagram, a sensitivity analysis 
2. Exposure and protrusion levels 
3. Shear velocity and shear stress 
4. The ratio between the friction velocity and the terminal settling velocity 
5. Stages of entrainment 
6. Laminar main flow 

It is proposed to distinguish 4 different Shields curves: 

1. The Shields curve based on spheres in a turbulent main flow. 
2. The Shields curve based on natural sands and gravels in a turbulent main flow. 
3. The Shields curve in a laminar main flow for spheres. 
4. The Shields curve in a laminar main flow for natural sand and gravels. 

The general conclusions of this research are: 

• The basic Shields curve can be determined by applying the sliding entrainment mechanism, 
with a friction angle of 30°, an exposure level of 0.5 (protrusion level of 0.3), a turbulence 
intensity factor of n=3, a lift coefficient of 0.415 and the drag coefficient of spheres. 

• Using a reasonable bandwidth for the properties, like friction angle, lift coefficient and 
turbulence intensity, most of the scatter in the data found, can be explained. 

• For natural sands and gravels a modified drag coefficient should be applied, based on the 
angularity of the particles. 

• In the laminar region entrainment is dominated by drag and turbulence, while in the 
turbulent region this is dominated by drag and lift. 

• Up to an exposure level of 0.6 sliding is the main entrainment mechanism, while for higher 
exposure levels rolling will occur. 

• Laminar and turbulent main flow result in two different entrainment curves, based on the 
presence of turbulence. For laminar main flow a turbulence intensity factor of 0.5 has been 
found to correlate well with the measurements. 

• The model developed correlates well with datasets of many independent researchers.  

                                                 
2 Associate Professor & Educational Director, Offshore & Dredging Engineering, Delft University of Technology, 
Mekelweg 2, 2628CD  Delft, The Netherlands. Email: s.a.miedema@tudelft.nl  
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INTRODUCTION 
 
 
In Part A, a model for the entrainment of particles as a result of fluid (or air) flow over a bed of 
particles has been developed. The model distinguishes sliding, rolling and lifting as the 
mechanisms of entrainment. Sliding is a mechanism that occurs when many particles are starting 
to move and it is based on the global soil mechanical parameter of internal friction. Both rolling 
and lifting are mechanisms of individual particles and they are based on local parameters such as 
the pivot angle and the exposure and protrusion rate. Equations (76), (77) and (78) give the 
Shields parameter for these 3 mechanisms. 
 
 
Sliding 
 

2
*

sliding 2 2
d Drag D D L L

u 4 1
R g d 3 f C f C

µ
θ = = ⋅ ⋅

⋅ ⋅ α ⋅ ⋅ + µ ⋅ ⋅
 (76) 

 
 
Rolling 
 

2
Roll*

rolling 2 2
d Drag D D Lever D Roll L L Lever L Roll

sin( )u 4 1
R g d 3 f C ( cos( )) f C ( sin( ))− −

ψ + φ
θ = = ⋅ ⋅

⋅ ⋅ α ⋅ ⋅ ⋅ + ψ + φ + ⋅ ⋅ + ψ + φ  
 

(77) 
 
 
Lifting 
 

2
*

lifting 2
d L L

u 4 1
R g d 3 C f

θ = =
⋅ ⋅ α ⋅ ⋅

 (78) 

 
 
Analysis 
 
The additional lever arm for lifting Lever L 0− = , since there is no reason to assume that the lift 
force does not go through the center of the particle. Now an effective friction coefficient for 
rolling, Rollµ ,can be introduced: 
 

Roll
Roll

Lever D Roll

sin( )
cos( )−

ψ + φ
µ =

+ ψ + φ
 (79) 

 
Substituting equation (79) in to equation (77), gives an equation for the Shields parameter for 
rolling, very similar to the equation for sliding. For very small values of the surface coefficient 
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Df  at low exposure and protrusion levels, both equations (76) and (80) reduce to equation (78), 
meaning that at very low exposure and protrusion levels, the three mechanisms give the same 
Shields parameter. Using 30φ = °  for sliding and Roll 60ψ + φ = °  for rolling, an exposure level 
of E 0.5=  and an additional lever arm for the drag force of Lever D 0.5− =  for laminar flow and 

Lever D 0.655− =  for turbulent flow, results in a friction coefficient for sliding of 0.577µ = , for 
laminar rolling of Roll Lam 0.866−µ =  and for turbulent rolling of Roll Turb 0.75−µ = . This explains 
why the Shields parameter found for rolling is higher than the one for sliding, where the 
difference is bigger in the laminar region than in the turbulent region. 
 

2
Roll*

rolling 2 2
d Drag D D Roll L L

u 4 1
R g d 3 f C f C

µ
θ = = ⋅ ⋅

⋅ ⋅ α ⋅ ⋅ + µ ⋅ ⋅
 (80) 

 
 
Laminar Region 
 
For the laminar region (the viscous sub layer) the velocity profile of Reichardt (1951) is chosen. 
This velocity profile gives a smooth transition going from the viscous sub layer to the smooth 
turbulent layer. 
 

top
top

y
0.33 ytop top top11.6

top top
*

u(y ) ln(1 y ) yln(1 / 9) ln( )u 1 e e y
u 11.6

+

+
+ +

− − ⋅+ +
 + κ ⋅ + κ  = = − ⋅ − − ≈
 κ κ
 

 (81) 

 
For small values of the boundary Reynolds number and thus the height of a particle, the velocity 
profile can be made linear to:  
 

top * sy E Re E k+ += ⋅ = ⋅  (82) 

 
Adding the effective turbulent velocity to the time averaged velocity gives for the velocity 
function Lamα : 
 

Lam top eff topy u (y )+ + +α = +  (83) 

 
 
Turbulent Region 
 
Particles that extend much higher into the flow will be subject to the turbulent velocity profile. 
This turbulent velocity profile can be the result of either a smooth boundary or a rough boundary. 
Normally it is assumed that for boundary Reynolds numbers less than 5 a smooth boundary 
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exists, while for boundary Reynolds numbers larger than 70 a rough boundary exists. In between 
in the transition zone the probability of having a smooth boundary is:  
 

s* kRe0.95 0.95
11.6 11.6P e e

+

− ⋅ − ⋅
= =  (84) 

 
This gives for the velocity function Turbα : 
 

Turb
s

*

1 E d 1 E dln 1 P ln 1 (1 P)
0.033 k0.11

u

 
   ⋅ ⋅ α = ⋅ + ⋅ + ⋅ + ⋅ − νκ κ ⋅   ⋅ 
 

 (85) 

 
The velocity profile function has been modified slightly by adding 1 to the argument of the 
logarithm. Effectively this means that the velocity profile starts 0y  lower, meaning that the 
virtual bed level is chosen 0y  lower for the turbulent region. This does not have much effect on 
large exposure levels (just a few percent), but it does on exposure levels of 0.1 and 0.2. Not 
applying this would result in to high (not realistic) shear stresses at very low exposure levels. 
 
 
Sensitivity Analysis 
 
In the previous paragraphs a model for the determination of the Shields curve was developed, 
based on a number of assumptions. The exposure level was chosen as 0.5, giving a protrusion 
level of 0.3, assuming a virtual bed level at 0.2 d⋅  below the top of the bed of uniform spheres. 
For sliding a friction angle of 30φ = °  and for rolling a pivot angle of 59ψ = °  were chosen. The 
drag coefficient for spheres is applied and the lift coefficient according to LC 0.423=  for the 
turbulent region. Finally the influence of turbulence is modelled, using 3 times the r.m.s. value of 
the turbulence intensity. The resulting curve, matching the data the best, is the curve for sliding. 
Now the question is, how sensitive is this model for variations in these assumptions. 
 
 
The Angle of Natural Repose/the Angle of Internal Friction 
 
The angle of repose/the angle of internal friction has been chosen at 30φ = ° , but could be a bit 
smaller or bigger according to Miedema (2010A), so also values of 25φ = °  and 35φ = °  will be 
applied. Figure 21 shows the resulting curves. From this figure it is obvious that the variation of 
the friction angle might explain some of the scatter in the laminar region, while the influence of 
this variation is very limited in the turbulent region. 
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Turbulence  
 
In the model an influence of 3 times the r.m.s. value of the turbulence intensity was used. The 
question is, if this is the best option and how sensitive is the model for the influence of 
turbulence. To test this also turbulence intensity factors of 0, 1, 2 and 4 times the r.m.s. value of 
the turbulence intensity are applied. A factor of 0 means no turbulence, so laminar main flow. 
The results are shown in Figure 22 and show that part of the scatter for boundary Reynolds 
numbers in the range between 1 and 20 can be explained. The relatively high values for the 
Shields parameter as found by Pilotti & Menduni (2001) could be explained by a different 
behavior of the turbulence intensity, due to the laminar flow used. 
 

 
Figure 21: The Shields curve for sliding for friction angles of 25°, 30° and 35° 
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Figure 22: The Shields curve for sliding for different levels of turbulence 

 
 
The Drag and the Lift Coefficient 
 
The drag coefficient as known for spherical particles is used, like in the models found in 
literature, but it is known that non spherical particles encounter a higher drag coefficient, 
especially in the turbulent region. The lift coefficient is chosen at LC 0.423= , but what is the 
influence of a smaller lift coefficient, like the factor 0.2 as used by Wiberg & Smith (1987A). To 
investigate this calculations are carried out with the drag coefficient for sand, according to 
Miedema (2010A) and a lift coefficient of LC 0.3= . The results of these calculations are shown 
in Figure 23. Reduced lift may explain some scatter above the regular curve in the turbulent 
region, while using the drag coefficient for natural sand grains, explains a lot of the scatter below 
the regular curve in the turbulent region, especially since some of these data are achieved from 
experiments with natural sands. In the laminar region both lift and the drag coefficient have no 
effect, since lift is supposed to occur in the turbulent region only and the drag coefficient for 
spheres and natural sand grains does not differ much for very small particles.   
 
 
Lower, Medium and Upper Levels and Real Sand Particles 
 
From this sensitivity analysis a lower, medium (regular) and upper level for the Shields curve 
can be constructed. The lower level has a friction angle of 25φ = ° , a turbulence intensity factor 
of 4 and a LC 0.423= . The medium or regular level has a friction angle of 30φ = ° , a turbulence 
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intensity factor of 3 and a LC 0.423= . The upper level has a friction angle of 35φ = ° , a 
turbulence intensity factor of 2 and a LC 0.3= . As a special case the lower level is also 
calculated with the drag coefficient for natural sands and gravels. 
 
Figure 24 shows the results of these calculations. The upper level explains most of the scatter of 
the data above the regular or medium curve. The lower level explains most of the scatter in the 
laminar and transition region below the regular curve, but not in the turbulent region. However, 
applying the drag coefficient for natural sand grains also explains for the scatter below the 
regular curve in the turbulent region. Also the observation that in reality entrainment often 
occurs at values for the Shields parameter much lower than the original Shields curve and the 
proposal to take 50% for engineering purposes (Brownlie, 1981), can be explained by using the 
drag coefficient for natural sands and gravels. In the laminar region however the regular curve 
should be used up to boundary Reynolds numbers of about 5. In fact there should be two 
different Shields curves, one for spheres matching most of the experiments and one for natural 
sands and gravels using the appropriate drag coefficient. Figure 25 explains for the influence of 
friction (or pivot angle), drag, lift and turbulence on the shape of the Shields curve. Increasing 
the friction coefficient will move the whole curve up, but more in the laminar region. Increasing 
the drag by using the drag coefficient for natural sands and gravels will move the turbulent and 
the transition region down. Increasing the lift will move the turbulent region down. Increasing 
the influence of turbulence will rotate the laminar region clockwise, while the asymptotic value 
for very small boundary Reynolds numbers will not change. 
 

 
Figure 23: The Shields curve for spheres, sand grains and with reduced lift.) 
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Figure 24: The medium (regular), lower and upper Shields curves for spheres and 

natural sand 
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Figure 25: The influence of friction, drag, lift and turbulence on the shape of the 

Shields curve  
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Exposure and Protrusion Levels 
 
To determine the influence of exposure and protrusion levels, exposure levels from 0.2 up to 1.2 
will be investigated as is shown in Figure 26 and Figure 27. In the laminar region the virtual 
bed level is chosen at 0.2 d⋅  below the top of the bed, while in the turbulent region this is 
corrected with 00.2 d y 0.233 d⋅ + = ⋅ , still giving an exposure level starting at 0.2 d⋅  below the 
top of the bed, assuming the roughness sk d= . 
 

Figure 26: The exposure levels from 0.2 to 1.2 
 

 

 
Figure 27: The area subjected to the flow 

 
 
To determine the cross section subjected to the flow and the effective velocity on the cross 
section subjected to the flow, first the relation between the exposure level and the initial angle 0θ  
for integration has to be determined, this relation is: 
 

0

0

sin( ) 1 2 E

arcsin(1 2 E)

θ = − ⋅

θ = − ⋅
 

(86) 
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To determine the cross section subjected to the flow we must integrate from the initial angle 0θ  
for integration to an angle of / 2π  according to: 
 

0

/2
2

dA 2 R cos( ) R d cos( )

A 2 R cos( ) cos( ) d
π

θ

= ⋅ ⋅ θ ⋅ ⋅ θ ⋅ θ

= ⋅ ⋅ θ ⋅ θ ⋅ θ∫

 

(87) 
 
The Drag Surface Factor 
 
To determine the fraction Dragf  of this cross section with respect to the cross section of the whole 

sphere, equation (87) must be divided by 2Rπ ⋅  as is shown in equation (88).  
 

0

/2
2 2

Drag 2

2 R cos ( ) d

f
R

π

θ

⋅ ⋅ θ ⋅ θ

=
π ⋅

∫
 

(88) 
 
 
The Lift Surface Factor 
 
The lift surface factor is an empirical factor. One can imagine that the lift coefficient depends on 
the exposure level. At very low exposure levels, only the top of a sphere is affected by the flow 
and a smaller lift coefficient should be applied. At an exposure level of 0.5 the top half of the 
sphere is affected by the flow, but the bottom half is not. At an exposure level of 1.0 the whole 
sphere is surrounded by flow. Inspired by the work of Luckner (2002) the following empirical 
equation has been derived for the relation between the lift surface factor and the exposure level. 
The lift coefficient itself is chosen to be equal to the drag coefficient at high Reynolds numbers 
being LC 0.445= . 
 

Liftf 0.7125 0.4375 E= + ⋅  (89) 

 
 
The Pivot Angle 
 
The pivot angles chosen are also inspired by the work of Luckner (2002) and corrected for the 
difference between exposure level and protrusion level. 
 
The resulting values for the protrusion level (laminar), the drag surface factor, the lift surface 
factor, the pivot angle and the integration starting angle can be found in Table 1 as a function of 
the exposure level. For exposure levels above 1.0, the surface factors and the integration angles 
are chosen to be equal to the ones at an exposure level of 1.0. 
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Table 1: Protrusion level, surface factors and pivot angle  
as a function of the exposure level 

E p/d fDrag fLift ψ Θ0 
0.2 0.0 0.133 0.800 90 36.89 
0.3 0.1 0.252 0.844 80 23.59 
0.4 0.2 0.373 0.888 68 11.54 
0.5 0.3 0.500 0.932 59 00.00 
0.6 0.4 0.632 0.975 49 -11.54 
0.7 0.5 0.759 1.019 40 -23.59 
0.8 0.6 0.867 1.062 34 -36.89 
0.9 0.7 0.954 1.106 27 -53.16 
1.0 0.8 1.000 1.150 20 -90.00 
1.1 0.9 1.000 1.150 12 -90.00 
1.2 1.0 1.000 1.150 00 -90.00 

 
 
The Drag Point of Action 
 
To determine exactly which velocity to use for calculating the drag force, the surface averaged 
drag force has to be calculated. Since the drag force depends on the square of the local velocity, 
the surface averaged square of the velocity has to be determined. To find the drag point of action, 
the square of the local velocity has to be integrated over the surface exposed to the flow, the 
result has to be divided by the square of the velocity at the top of the sphere and divided by the 
surface. Taking the square root of this gives the drag point of action as a fraction of the exposure 
level. Equation (90) gives the general equation for this, while equation (91) and equation (92) 
show this for laminar flow in the viscous sub layer and turbulent flow in the turbulent region. 
 

0

/2
2

Drag 2
top

u(y) dA

u(y) A

π

θ

⋅

=
⋅

∫
  

(90) 

 

0

0

2/2
2 2

Drag Lam /2
2 2 2

2 E 1 sin( )2 R cos( ) d
2

E 2 R cos ( ) d

π

θ
− π

θ

⋅ − + θ ⋅ ⋅ θ ⋅ θ 
 

=

⋅ ⋅ ⋅ θ ⋅ θ

∫

∫
  

(91) 
 



WEDA Journal Vol. 12, No. 1 

61 

0
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(92) 
 
 
The Additional Lever Arms 
 
The additional lever arms, necessary for the pivoting mechanism, are related to the drag point of 
action according to equation (93) for laminar flow and equation (94) for turbulent flow. It is 
obvious that these additional lever arms for laminar and turbulent flow are not equal. 
 

Lever Lam Drag Lam1 2 E (1 )− −= − ⋅ ⋅ −   (93) 
 

Lever Turb Drag Turb1 2 E (1 )− −= − ⋅ ⋅ −   (94) 
 
Table 2 gives the values of the drag point of action and the additional lever arms for laminar and 
turbulent flow as a function of the exposure and the protrusion level. In general, the drag point of 
action is located higher for turbulent flow than for laminar flow, also resulting in a larger 
additional lever arm. 
 
 

Table 2: The drag point of action and the additional lever arms 
E p/d ℓDrag-Lam ℓLever-Lam ℓDrag-Turb ℓLever-Turb 

0.2 0.0 0.485 0.794 0.541 0.816 
0.3 0.1 0.490 0.694 0.586 0.752 
0.4 0.2 0.494 0.596 0.623 0.698 
0.5 0.3 0.500 0.500 0.655 0.655 
0.6 0.4 0.505 0.405 0.682 0.618 
0.7 0.5 0.511 0.315 0.706 0.588 
0.8 0.6 0.522 0.235 0.730 0.568 
0.9 0.7 0.537 0.166 0.754 0.557 
1.0 0.8 0.559 0.118 0.784 0.568 
1.1 0.9 0.591 0.100 0.788 0.533 
1.2 1.0 0.619 0.086 0.792 0.501 
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CALCULATIONS 
 
 
Spheres 
 
Based on the basic equations for sliding, rolling and lifting, the surface factors, pivot angle, the 
calculated values for the drag point of action, the additional lever arms and the assumptions of an 
angle of repose of 30φ = °  and a lift coefficient LC 0.445= , the values of the Shields parameter 
can be calculated as a function of the exposure level and the mechanism. Table 3 gives these 
values for the laminar region, the turbulent region and the minimum in the transition region and 
for pure lift in the turbulent region. 
 
 

Table 3: Shields values for 3 mechanisms at different exposure levels 
E p/d Sliding 

Laminar 
Sliding 

Turbulent 
Sliding 

Minimum 
Rolling 

Laminar 
Rolling 

Turbulent 
Rolling 

Minimum 
Lift 

0.1 -0.1 9.5117 0.3344 0.3344 20.4147 0.3399 0.3399 0.3462 
0.2 0.0 2.4783 0.1535 0.1340 5.0364 0.1596 0.1561 0.1664 
0.3 0.1 0.8634 0.0958 0.0727 1.6287 0.1025 0.0988 0.1128 
0.4 0.2 0.4327 0.0674 0.0458 0.7440 0.0731 0.0677 0.0865 
0.5 0.3 0.2551 0.0505 0.0314 0.3926 0.0543 0.0461 0.0706 
0.6 0.4 0.1665 0.0393 0.0228 0.2253 0.0408 0.0306 0.0598 
0.7 0.5 0.1172 0.0316 0.0174 0.1359 0.0305 0.0202 0.0519 
0.8 0.6 0.0878 0.0262 0.0140 0.0836 0.0225 0.0133 0.0459 
0.9 0.7 0.0690 0.0226 0.0117 0.0507 0.0159 0.0086 0.0412 
1.0 0.8 0.0568 0.0194 0.0103 0.0287 0.0103 0.0052 0.0373 
1.1 0.9 0.0488 0.0179 0.0094 0.0127 0.0058 0.0024 0.0341 
1.15 0.95 0.0456 0.0173 0.0090 0.0065 0.0034 0.0013 0.0327 
1.2 1.0 0.0427 0.0167 0.0086 0.0012 0.0007 0.0002 0.0313 
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Figure 28: The Shields curves for the sliding mechanism 

 
 

 
Figure 29: The Shields curves for the rolling mechanism 
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In the laminar region, the Shields values for sliding are smaller than the Shields values for rolling 
for exposure levels smaller than 0.6. Above an exposure level of 0.6 the Shields values for 
rolling are smaller. In the turbulent region this transition occurs at an exposure level somewhere 
between 0.6 and 0.7. The Shields values for pure lifting are always bigger than sliding and 
rolling, but at the smallest exposure level considered of 0.1, the value is almost equal to sliding 
and rolling. The conclusion can be drawn here that for exposure levels up to 0.6 the main 
mechanism for entrainment is sliding, which will occur for many particles at many locations 
simultaneously, while at higher exposure levels rolling will be the main mechanism, which will 
occur for single particles. Figure 28 and Figure 29 show the resulting curves for exposure levels 
from 0.2 up to 1.2 for sliding and rolling for spheres. 
 

 
Figure 30: The Shields curves for sliding and rolling 

 
 
Figure 30 shows the Shields curves for sliding for an exposure level of 0.2 up to an exposure 
level of 0.6 and rolling from an exposure level of 0.7 up to 1.2. Figure 31 shows the same set of 
curves, but now as a function of the non-dimensional particle diameter (the Bonneville 
parameter). The advantage of using the Bonneville parameter is that this diagram is explicit. 
There is an explicit relation between the Shields parameter and the particle diameter, while this 
relation is implicit in the original Shields diagram where the friction velocity is part of both the 
boundary Reynolds number on the horizontal axis and the Shields parameter on the vertical axis. 
Dividing the Bonneville parameter by about 20 will give the particle diameter in mm for quarts 
with a density of 2650 kg/m3 in a fluid with a viscosity of about 10-6 m2/sec. 
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Figure 31: The Shields curves as a function of the Bonneville parameter 

 
 
Natural Sands and Gravels 
 
As has been described in Part A of this publication, the drag coefficient of natural sands and 
gravels differs from the drag coefficient of spheres. For rounded grains this difference is 
probably not too big, but for angular grains it is. In the laminar region at low Reynolds numbers 
both spheres and natural particles follow (or almost follow) the Stokes law, giving a drag 
coefficient of DC 24 / Re= , while some researchers use DC 32 / Re=  for natural sands. In the 
turbulent region however the difference is much larger. At large Reynolds numbers the drag 
coefficient for spheres is about DC 0.445= , while for natural sands and gravels values of 

DC 1 2= −  are used. Using the equation as mentioned in Julien (1995) gives Shields curves as 
shown in Figure 32. In the laminar region the curves are almost identical to the curves for 
spheres, but in the turbulent region the curves gives values of 50% to 60% of the curves for 
spheres. The curves in Figure 32 are for the sliding mechanism for exposure levels up to 0.6 and 
the rolling mechanism for larger exposure levels. 
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Figure 32: The Shields curves for natural sands and gravels 

 
 

EXPOSURE & PROTRUSION LEVELS 
 
 
The model developed here is now capable of predicting the non-dimensional shear stress or 
Shields parameter as a function of the exposure and protrusion level, so it is interesting to see 
how this correlates with experiments. The most cited experiments are those from Fenton & 
Abbot (1977) and Chin & Chiew (1993), who performed their experiments with spheres, where 
the bed consisted of fixed spheres, having a single loose sphere at a certain protrusion level. The 
only possible entrainment mechanism is rolling (pivoting), so their results will be compared with 
the curves calculated for rolling. Fenton & Abbot (1977) also re-analyzed the tests carried out by 
Coleman (1967) but the Shields values found should only be used as an indication of the 
magnitude of the Shields parameter. Figure 33 shows all the measurements as a function of the 
boundary Reynolds number, grouped by protrusion level according to Table 4. The 
measurements of Coleman (1967) were carried out with spheres on top of the bed having a 
protrusion level of about 0.8 and an exposure level of 1.0, assuming a virtual bed level of 0.2 
times the diameter below the actual bed level. 
It is clear from Figure 33 that the magnitude of the Shields values of the Coleman (1967) 
experiments match the Shields curve for an exposure level of 1.0 very well, although the 
minimum for these experiments tends to occur at a higher boundary Reynolds number than in the 
calculated curve. It should be mentioned that the experimental results of Coleman (1967) were 
calculated by Fenton & Abbot (1977) assuming full turbulent flow, while a number of these 
experiments are inside the transition region. Using the assumption of laminar flow for these 
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experiments would increase the value of the Shields parameter to values between 0.005 and 0.01, 
still being close to the calculated curve. For large boundary Reynolds numbers, the Coleman 
(1967) experiments gives value between 0.01 and 0.015, on average a bit higher than the 
theoretical curve. 
 

 
Figure 33: The measurements of Fenton & Abbot, Chin & Chiew and Coleman  

 
 

Table 4: Explanation of the legend of Figure 33. 
Fenton & Abbot p/d Chin & Chiew p/d 

FA: A -0.3 – 0.0 CC: A -0.3 – 0.1 
FA: B 0.0 – 0.1 CC: B 0.1 – 0.3 
FA: C 0.1 – 0.2 CC: C 0.3 – 0.5 
FA: D 0.2 – 0.3 CC: D 0.5 – 0.6 
FA: E 0.3 – 0.4 CC: E 0.6 – 0.7 
FA: F 0.4 – 0.5 CC: F 0.7 – 0.8 
FA: G 0.5 – 0.6 CC: G 0.8 – 0.9 
FA: H 0.6 – 1.0 CC: H 0.9 – 1.0 

 
Figure 34 and Figure 35 show the measurements of Fenton & Abbot (1977) and Chin & Chiew 
(1993) in a linear-linear graph and a logarithmic-linear graph. Both graphs also show the 
calculated values for rolling at very high boundary Reynolds numbers, the minimum for rolling 
in the transition zone and the values for lifting. Most of the experiments of Fenton & Abbot 
(1977) were carried out at protrusion levels below 0.5 (exposure levels below 0.7), while 
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Chin & Chiew (1993) wanted to observe what would happen at higher protrusion levels. Figure 
34 shows that the theoretical values for protrusion levels from 0.1 up to 0.7 match very well with 
the experiments. At protrusion levels below 0.1 the theoretical values still match, but also many 
experiments have values below the theoretical ones. In general, the theory overestimates the 
Shields values compared with the experiments in this region. For protrusion levels above 0.7 its 
better to use the logarithmic-linear graph of Figure 35. The measurements carried out at a 
protrusion level of 0.82, which is the maximum protrusion level of a sphere resting on other 
spheres, show Shields values between 0.01 and 0.02, where Fenton & Abbot (1977) give values 
close to 0.01 and Chin & Chiew (1993) give the higher values. The theoretical value is about 
0.01. Chin & Chiew (1993) also carried out experiments at protrusion levels of 0.90 and 0.94 and 
the theoretical value matches the measurement at the protrusion level of 0.90, but underestimates 
the protrusion level of 0.94. Still in general it can be concluded that the theoretical values match 
the measurements well enough, being evidence for the way the lift coefficient is used in the 
theoretical model. At the very low protrusion levels, -0.3 to -0.1, most probably another 
mechanism is occurring, since these protrusion levels are near the virtual bed level and without 
having enough velocity, entrainment can never be explained. 
 

 
Figure 34: The experimental results of Fenton & Abbot (1977) and Chin & Chiew (1993) 

compared with the theory for rolling 
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SHEAR VELOCITY AND SHEAR STRESS 
 
For the verification of the model to predict the initiation of motion, it is good to look at this 
physical phenomenon from different points of view. The first point of view is comparing the 
calculated Shields curve with the available data with the boundary Reynolds number at the 
horizontal axis and the non-dimensional shear stress on the vertical axis. A second point of view 
is to compare the theory with measurements of the Shields parameter for different protrusion 
levels. A third point of view is to compare the theory with measurements of the critical shear 
velocity (friction velocity) or with the critical shear stress. Wiberg & Smith (1987A) used the 
data selected by Miller, McCave & Comar (1977) that employed a consistent definition of 
critical motion. In addition, they required that the measurements were made in parallel sided 
flumes with an initially flat bed, using rounded, non-cohesive particles of nearly uniform size. 
The data satisfying these criteria are given by Casey (Tison, 1953), Neil (1967), Grass (1970), 
White (1970), Everts (1973) and Paintal (1971), complemented with data from Julien (1995) Fig. 
7.7.  Sundborg (1956) also used these data. The data are shown as the friction velocity as a 
function of the grain diameter in Figure 36 and as the shear stress as a function of the grain 
diameter in Figure 37. In both figures the calculated Shields curves are plotted for exposure 
levels ranging from 0.2 up to 1.2 (protrusion levels from 0.0 up to 1.0). The calculated curve for 
an exposure level of 0.5 matches very well with the measurements, while most measurements lie 
in the range of exposure levels ranging from 0.4 to 0.6. Some of the scatter is caused by the fact 
that, although each researcher used a consistent definition of initial motion in their own 
experiments, some discrepancy exists among the different researchers regarding this definition. 
Wiberg & Smith (1987A) go more in to detail regarding this definition. 
 

 
Figure 35: The experimental results of Fenton & Abbot and Chin & Chiew compared with 

the theory for rolling 
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Figure 36: The critical shear velocity (friction velocity) as a function of the grain diameter 

 

 
Figure 37: The critical shear stress as a function of the grain diameter 
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THE TERMINAL SETTLING VELOCITY 
 
 
A fourth point of view is comparing the friction velocity with the terminal settling velocity. The 
settling velocity of grains depends on the grain size, shape and specific density. It also depends 
on the density and the viscosity of the fluid the grains are settling in, and it depends upon 
whether the settling process is laminar or turbulent. Discrete particles do not change their size, 
shape or weight during the settling process (and thus do not form aggregates). A discrete particle 
in a fluid will settle under the influence of gravity. The particle will accelerate until the frictional 
drag force of the fluid equals the value of the gravitational force, after which the vertical 
(settling) velocity of the particle will be constant (Figure 38). 
 

 
Figure 38: Forces on a settling particle 

 
 
The upwards directed force on the particle, caused by the frictional drag of the fluid, can be 
calculated by: 
 

Av
2
1CF 2

swDup ⋅⋅ρ⋅⋅=  (96) 

 
The downward directed force, cause by the gravitational difference in density between the 
particle and the water, can be calculated by: 
 

down q wF ( ) g V= ρ − ρ ⋅ ⋅  (97) 
 
The projected surface of the particle is: 
 

2d
4

A ⋅
π

=  (98) 
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The volume of the particle is: 
 

3d
6

V ⋅
π

=  (99) 

 
In general, the settling velocity vs can now be determined with the following equation: 
 

q w
s

dw

4 g ( ) d
v

3 C

⋅ ⋅ − ⋅ρ ρ
=

⋅ ⋅ρ
 (100) 

 
The settling velocity is thus dependent on the density of the particle and the fluid, the diameter 
and the flow pattern around particle. The Reynolds number of the settling process determines 
whether the flow pattern around the particle is laminar or turbulent. The Reynolds number can be 
determined by: 
 

ν
⋅

=
dvRe s

p  (101) 

 
The settling of particles occurs in one of 3 regions, the laminar region, a transitional region or the 
turbulent region. 
 
The laminar region, Rep<1 (Stokes flow): 
 
The upward flow of water along downward moving particles occurs under streamline conditions. 
The frictional resistance is only due to viscous forces and CD varies inverse proportional to Rep. 
 
The turbulent region, Rep>2000: 
 
The flow of water along the settling particles takes place under fully developed turbulent 
conditions. Compared with the eddying resistance, the viscous forces are negligible and CD is 
virtually constant. 
 
The transition region, 1<Rep<2000: 
 
The viscous and eddying resistances are of equal importance. An exact equation for CD cannot 
be given, but there are several approximations. 
 
Liu (1957) carried out measurements for the initiation of motion based on the ratio of the friction 
velocity and the terminal settling velocity. To compare these measurements with the Shields 
curve calculated, first the diameter of the grain considered has to be determined. This can be 
achieved by first determining the Bonneville parameter from the boundary Reynolds number and 
the Shields parameter: 
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3/2
*

*
ReD 









θ
=  (102) 

 
The second step is to determine the grain diameter from the Bonneville parameter, using a factor 
0.7, since an exposure level of 0.5 implies that half the grain cross section is exposed to the flow, 
resulting in an equivalent grain diameter of about 0.7 times the real diameter. 
 

*

d3
2

0.7 Dd
R g
⋅

=
⋅

ν
 (103) 

 
Figure 39: The ratio between the friction velocity and the terminal settling velocity  

 
 
Figure 39 shows the converted Shields curve compared with the data of Liu (1957). The 
converted calculated Shields curve correlates almost perfectly with the data. It is remarkable how 
the curve of * su / 0.4 v⋅  matches the findings of Nino, Lopez & Garcia (2003) regarding the 
initiation of suspension as mentioned in van Rijn (2006). It should be mentioned here that,  in 
order to get the good fit as is shown in Figure 39, exactly the same drag coefficient is applied for 
calculating the horizontal drag force, as is used for calculating the terminal settling velocity, 
while the equivalent grain diameter derived from the Bonneville parameter has been multiplied 
by 0.7, since at an exposure level of 0.5 only 50% of the cross section of the grain is exposed to 
the flow and this cross section is proportional to the square of the grain diameter.  

0.1 1 10 100 1000
0.1

1

10

100

1000
Data: Liu (1957)

D* (Dimensionless grain diameter)

u*
/v

s 
(s

he
ar

 v
el

oc
ity

/te
rm

in
al

 s
et

tlin
g 

ve
lo

cit
y)

u*/vs u*/0.4vs Liu (1957)



WEDA Journal Vol. 12, No. 1 

74 

STAGES OF ENTRAINMENT 
 
 
A fifth point of view is the stage of entrainment. Several researchers investigated different stages 
of entrainment, usually starting with a single particle being entrained and ending with general 
transport. Vanoni (1975) investigated small particles (0.037 mm, 0.102 mm) in the laminar sub 
layer with boundary Reynolds numbers ranging from 0.2 to 2. Delft Hydraulics (1976), see van 
Rijn (1993), carried out tests on particles of 7 diameters with boundary Reynolds numbers 
ranging from 1 to 150. Graf & Pazis (Rijn, 1993) carried out tests in the boundary Reynolds 
range of 50 to 150, while more recently experiments were carried out by Dey & Raikar (2007) in 
the turbulent region with boundary Reynolds numbers ranging from 200 to 2000. Ziervogel 
(2003)  carried out experiments on sediments in the Baltic Sea. Figure 40 shows the results of 
these researchers as a function of the boundary Reynolds number. Figure 41 shows the same 
measurements, but now as a function of the Bonneville parameter. 
 
The Delft Hydraulics (1972) defined 7 levels of erosion according to: 

1. Occasional particle movement at some locations (DHL7). 
2. Frequent particle movement at some locations (DHL6). 
3. Frequent particle movement at many locations (DHL5). 
4. Frequent particle movement at nearly all locations (DHL4). 
5. Frequent particle movement at all locations (DHL3). 
6. Permanent particle movement at all locations (DHL2). 
7. General transport (initiation of ripples) (DHL1). 

 
Graf & Pazis (1977) defined 4 levels for the threshold of motion, based on experiments with 6 
particle sizes (0.5<=d50<=3.0 mm). They calculated the average number, N, of particles in 
motion per unit area as a function of bed stress. 

1. GP1: N=1. 
2. GP2: N=10. 
3. GP3: N=100. 
4. GP4: N=1000. 

 
Vanoni (1964) distinguishes 4 levels for the threshold of motion, for runs with two sediments in 
a turbulent shear flow (0.0037 mm, 0.102 mm). 

1. General  
2. Critical 
3. Small 
4. Negligible 

 
Originally all the measurements with the 0.037 mm sand were below the original Shields curve, 
which would continue to increase with a decreasing boundary Reynolds number. From  Figure 
40 and Figure 41 it is clear that the Vanoni (1975) measurements also match very well with the 
new calculated curve for an exposure level of 0.5. 
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Dey & Raikar (2007) investigated the entrainment of gravel and distinguished 3 levels. 

1. Lower threshold level (DL: a few surface particles are disturbed) 
2. Medium threshold level (DM: many surface particles are disturbed) 
3. Upper threshold level (DU: almost all the surface particles are disturbed, a weakly mobile 

boundary) 
 

It should be mentioned that the angle of repose (friction angle) is increasing slightly with 
increasing grain diameter (from 32.5° to 39°), which probably is the reason for a higher 
transition between the three threshold levels for bigger particles as is also shown in the 
sensitivity analysis. 
 

 
Figure 40: Stages of entrainment 

 
 
Ziervogel (2003) only distinguished no-erosion (Ziervogel 1) or erosion (Ziervogel 2), his 
experiments were carried out on sediments with a d50 of 20 µm and 130 µm. 
From Figure 41 the conclusion can be drawn that incipient motion starts incidentally for 
exposure levels between 0.65 and 0.85 (protrusion levels between 0.45 and 0.55). Although it 
would be expected to find incidental incipient motion at higher exposure levels sooner. However 
these exposure levels will occur much less frequent in a bed of natural grains and may not have 
been present in the beds used, since often the bed is prepared by a flow over the bed at a low 
flow rate, until no particles move anymore, moving the grains with the highest protrusion levels 
to spots in the bed where they will have a lower protrusion rate and thus more resistance to the 
flow. General transport occurs at exposure levels between 0.4 and 0.5 (protrusion levels between 
0.2 and 0.3). On average the general transport occurs at an exposure level of 0.45 which is lower 
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than the 0.5 on which the theoretical Shields curve is based, the resulting Shields parameter 
values are thus higher. Combining the data of Delft Hydraulics (1972), Graf & Pazis (1977), 
Vanoni (1964), Dey & Raikar (2007) and Ziervogel (2003) gives information over a broad range 
of boundary Reynolds numbers (0.06 to 2000) or as a function of the Bonneville parameter (0.5 
to 400).  
 

 
Figure 41: Stages of entrainment as a function of the Bonneville parameter 

 
 

LAMINAR MAIN FLOW 
 
 
A sixth point of view is laminar main flow. In the previous paragraphs the words laminar flow 
and laminar region have always been used for the flow around the top of a particle causing drag, 
lift and local eddies. The words turbulent flow and turbulent region have been used in the same 
way. The main flow has always been considered to be turbulent with either a smooth or a rough 
wall. But the main flow could also be laminar, implying that a viscous sub layer does not exist, 
since the whole main flow is viscous. This means that theoretically turbulence does not exist. 
The fact whether the flow is laminar or turbulent depends on the Reynolds number of the main 
flow. For Reynolds numbers below 2000 (literature also often mentions 2300) the flow is 
considered laminar, above 2000 it is considered turbulent. Around 2000 a transition zone exists 
having some turbulence, but not fully developed. The velocity profile in a laminar flow can be 
determined with: 
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*

*

u yu(y) yu 1
u 2 h

+ ⋅  = = ⋅ − ν ⋅ 
 (104) 

 
The average flow velocity can be derived from the friction velocity according to: 
 

2
*u h1u(y)

3
⋅

= ⋅
ν

 (105) 

 
Thus, the friction velocity can also be determined from the average flow velocity: 
 

*
3 u(y)u

h
⋅ ⋅ ν

=  (106) 

 
For small values of y, the distance to the wall, equation (104) gives the same velocity profile as 
the one found in the viscous sub layer. This means that the same equations can be applied for 
calculating the drag forces, while turbulence should be almost absent. Almost, because many of 
the measurements found in literature are in the transition zone between laminar and turbulent 
main flow, so some turbulent eddies might exist. The measurements found in literature are those 
of White (1940), Mantz (1977), Yalin & Karahan (1979), Pilotti & Menduni (2001), Charru et all 
(2004), Loiseleux et all (2005) and Ourimi et all (2007).  
 
Most measurements were carried out in the ‘laminar’ region with natural sands, while Pilotti & 
Menduni (2001) also carried out some tests in the ‘turbulent’ region with Reynolds numbers of 
the main flow up to about 3500. Figure 42 shows the measurements and a number of calculated 
Shields curves for natural sands, while Figure 43 shows the results for spheres. The calculated 
Shields curves are for 0, 1, 2, 3 and 4 times the effect of turbulence intensity (the turbulence 
intensity factor) based on Nezu & Rodi (1986) for natural sands and one curve for an exposure 
level of 0.6 and 0.5 times the turbulence intensity for spheres. Analyzing the data points shows 
that the data points can be grouped in 3 sub-groups. The first sub group are the data points of 
Pilotti & Menduni (2001) for boundary Reynolds numbers below 1. On average, these data 
points are below the calculated curves and below the asymptotic value of 0.255 for very small 
boundary Reynolds numbers. It is difficult to draw any reasonable conclusion from these data 
points, except that they are not too far from the theoretical curves. The second sub group also 
consists of data points from Pilotti & Menduni (2001) for boundary Reynolds numbers above 1. 
These data points are mainly located between the theoretical Shields curves with a turbulence 
intensity factor of 0 and 1, with a best fit at a turbulence intensity factor of 0.5 to 0.6. The 
Shields curve for full turbulent main flow has a turbulence intensity factor of 3. There is no real 
difference between the data points of laminar and turbulent main flow of Pilotti & Menduni 
(2001) in this region. The third sub group of data points are the data points measured by White 
(1940), Mantz (1977), Yalin & Karahan (1979) and Loiseleux et all (2005). Loiseleux et all 
(2005) used spherical particles and observed rolling of many particles at many locations, 
matching an exposure level of 0.6 (see stages of entrainment) as is shown in Figure 43. 
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Figure 42: Measurements and calculation in a laminar main flow 

 
For the small boundary Reynolds numbers these measurements tend to have an asymptotic value 
of about 0.17 which matches the exposure level of 0.6. With a turbulence intensity factor of 0.5 a 
good fit of the theoretical Shields curve for spheres and the data points is achieved. In general it 
can be concluded that the measurement of the Shields parameter in a laminar main flow match 
the calculated curves with a turbulence intensity factor of 0.5 well, while a turbulence intensity 
factor of 3 should be used for turbulent main flow. Again a good fit has been found between 
measurements and the calculated Shields curves, but laminar and turbulent main flow should 
never be mixed in one graph, just like spheres and natural sands and gravels should not be 
mixed. To show this, the measurements of Prager et all (1996) in turbulent flow, using angular 
carbonate sands, are shown in Figure 42 as well. These measurements range for boundary 
Reynolds numbers from 7 to 20 and Shields numbers from 0.018 to 0.028, matching the Shields 
curve for natural sands with a turbulence intensity factor of 3. Govers (1987) carried out 
experiments in both laminar and turbulent main flow. The data can be found in Figure 43. The 
data points for laminar flow tend to give slightly higher Shields values than the data points of 
White (1940), Mantz (1977), Yalin & Karahan (1979) and Loiseleux et al. (2005). The data fit 
very well using an exposure level of 0.53 and a turbulence intensity of 0.50. The data points for 
turbulent flow match very well with the Shields curve using an exposure level of 0.53 and a 
turbulence intensity of 2.3. The latter can be explained by the fact that the Reynolds numbers of 
the main flow were not high and turbulence might not have been fully developed. 
 
For large boundary Reynolds numbers (above 30), still the model for turbulent main flow is 
applied for calculating the Shields curves, since the main flow Reynolds numbers of the 
measurements in this range were above 2300. 
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Figure 43: Spheres in a laminar main flow 

 
 

CONCLUSIONS AND DISCUSSION 
 
 
The model developed in Part A has been verified and validated from 6 points of view. 

1. The traditional Shields diagram, a sensitivity analysis 
2. Exposure and protrusion levels 
3. Shear velocity and shear stress 
4. The ratio between the friction velocity and the terminal settling velocity 
5. Stages of entrainment 
6. Laminar main flow 

 
The 3 possible mechanisms for the entrainment of particles, sliding, rolling and lifting,  are 
considered, based on a set of equations where the exposure level and the surface averaged drag 
force acting point are an integral part of these equations. The sensitivity analysis shows that most 
of the scatter of the measured data points in the Shields diagrams can be explained by applying a 
range of the friction angle from 25° to 35°, a turbulence intensity factor from n=2 to n=4 for the 
laminar region (particles in the viscous sub layer), a lift coefficient from LC 0.7 0.445= ⋅  to 

LC 0.445=  in the turbulent region and applying a drag coefficient for spheres and natural sands 
and gravels. It must be mentioned here that some of the measured Shields values used in the 
sensitivity analysis were the result of laminar main flow, resulting in more scatter. Applying the 
drag coefficient of natural sands and gravels may reduce the value of the Shields parameter to 
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about 50%-60% in the transition and the turbulent region, explaining for the statement found in 
literature that for engineering purposes in real sands and gravels the Shields parameter should be 
divided by 2. In the laminar region however this is not the case, since the drag coefficient 
follows or almost follows the Stokes law for very small boundary Reynolds numbers. The 
Shields curves calculated for different exposure and protrusion levels match the findings of 
Fenton & Abbot (1977), Chin & Chiew (1993) and Coleman (1967) well, assuming a sliding 
mechanism of entrainment for exposure levels up to 0.6 and a rolling mechanism for larger 
exposure levels. The lifting mechanism might occur for single particles in a bed where all the 
other particles are fixed (glued) and the rolling mechanism cannot occur. The surface factor used 
for the dependency of the lift coefficient in relation to the exposure level has proven to give 
correct results in the turbulent region. Additional measured data, as also being used by Wiberg & 
Smith (1987A) and Julien (1995) , of the shear velocity (friction velocity) and the bottom shear 
stress, give a high correlation with the calculated curve for an exposure level of 0.5 and the 
sliding entrainment mechanism for spheres. Other additional measurements, as carried out by Liu 
(1957), of the ratio between the friction velocity and the terminal settling velocity give an almost 
perfect match with the Shields curve as calculated with an exposure level of 0.5 and the sliding 
entrainment mechanism. There has always been discussion amongst the different researchers 
about the definition of the stage of entrainment related to the Shields curve. In the past, when the 
extrapolated curve based on the original data of Shields was used, the measured data did not 
always match with this curve, because this extrapolated curve did not have an asymptotic value 
for very small boundary Reynolds numbers. Especially the measurements of Vanoni (1975) with 
the 0.037 mm grains fell below the extrapolated Shields curve. The new model as explained in 
this paper has an asymptotic value of about 0.25 for very small boundary Reynolds numbers, 
resulting in a different shape of the Shields curve. The different measurements all give the same 
conclusion, the Shields curve describes critical to general transport, with general transport at an 
exposure level of about 0.45, whilst a measurable incipient motion starts at an exposure level of 
about 0.7. Most experiments on the entrainment of particles have been carried out in a turbulent 
main flow, however some experiment were carried out in a laminar main flow. Buffington & 
Montgomery (1997) give a nice overview of most of the experiments carried out until 1997 and 
show the data of White (1940) and Yalin & Karahan (1979) of experiments carried out in a 
laminar main flow. Later Pilotti & Menduni (2001) carried out experiments in a laminar main 
flow and in the transition region between laminar and turbulent main flow. From these data it is 
clear that entrainment in a laminar main flow differs from entrainment in a turbulent main flow. 
Although for very small boundary Reynolds numbers there is not much difference theoretically, 
in the region of boundary Reynolds numbers from 0.1 to around 70 there is a big difference and 
the two regimes should not be mixed. Yalin & Karahan (1979) already proposed a separate 
equation for laminar main flow, but their measurements were limited to boundary Reynolds 
numbers of about 7. The Pilotti & Menduni (2001) experiments extended to boundary Reynolds 
numbers of about 70 and show the difference between the laminar and turbulent regimes clearly. 
Comparing the measured data with the theory developed results in a good correlation between 
the theory and the data if a turbulence intensity factor of 0.5 is applied for an exposure level of 
0.5 and the sliding entrainment mechanism. Using the data from laminar main flow experiments 
to validate a turbulence based theory like Luckner & Zanke (2007) did in their fig. 1 (the laminar 
experiments of Pilotti & Menduni and Yalin & Karahan are used), gives a lot of scatter and a low 
correlation, which is obvious. It is proposed to distinguish 4 different Shields curves: 
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1. The Shields curve based on spheres in a turbulent main flow. 
2. The Shields curve based on natural sands and gravels in a turbulent main flow. 
3. The Shields curve in a laminar main flow for spheres (n=0.5). 
4. The Shields curve in a laminar main flow for natural sands and gravels (n=0.5). 

 
 

 
Figure 44: The proposed Shields curves 

 
 

The two curves for laminar flow exist for boundary Reynolds numbers of about 70, for Reynolds 
numbers above 70 a normal turbulent rough flow is assumed, since the Reynolds numbers of the 
main flow will be far above 2300. The general conclusions of this research are: 
• The basic Shields curve can be determined by applying the sliding entrainment mechanism, 

with a friction angle of 30°, an exposure level of 0.5 (protrusion level of 0.3), a turbulence 
intensity factor of n=3, a lift coefficient of 0.415 and the drag coefficient of spheres. 

• Using a reasonable bandwidth for the different properties, a lower, medium and upper level 
for the Shields curve have been formed, explaining for most of the scatter of the data used.  

• For natural sands and gravels a modified drag coefficient should be applied, based on the 
angularity of the particles. 

• In the laminar region entrainment is dominated by drag and turbulence, while in the turbulent 
region this is dominated by drag and lift. 

• Up to an exposure level of 0.6 sliding is the main entrainment mechanism, while for higher 
exposure levels rolling will occur. 
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• Laminar and turbulent main flow result in two different entrainment curves, based on the 
presence of turbulence. For laminar main flow a turbulence intensity factor of 0.5 has been 
found to correlate with the measurements. 

• The new model developed correlates well with datasets of many independent researchers.  
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LIST OF SYMBOLS USED 
 
 
A Surface or cross section m2 

LamA  Interpolation constant for the laminar region - 

TurbA  Interpolation constant for the turbulent region - 

DC  Drag coefficient - 

LC  Lift coefficient - 

d Sphere, particle or grain diameter m 

*D  The Bonneville parameter or non-dimensional grain diameter - 

E Exposure level - 

D Dragf ,f  Fraction of cross section exposed to drag - 

L Liftf , f  Fraction of top surface exposed to lift - 

DF  Drag force N 

LF  Lift force N 

wF  Weight of a particle N 

g Gravitational constant 9.81 m/sec2 

h Thickness of the layer of water m 

sk  Roughness often chosen equal to the particle diameter m 

sk+  The non-dimensional roughness or roughness Reynolds number - 

  The point of action of the drag force - 

  Mixing length m 

Drag  Drag point of action - 

Lift  Lift point of action - 
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Lever D−  Additional lever arm for drag - 

Lever L−  Additional lever arm for lift - 

n Turbulence intensity factor - 

P Probability used in interpolation - 

p/d Relative protrusion level - 

Q Factor used in interpolation - 

R Radius of sphere, particle or grain m 

dR  The relative submerged specific density - 

DRe  The particle drag Reynolds number - 

*Re  Boundary Reynolds number - 

pRe  The particle Reynolds number - 

*S  The Grant & Madsen parameter - 

u Time and surface averaged velocity m/sec 

*u  Friction velocity m/sec 

u+  Non dimensional time and surface averaged velocity - 

r.m.s.u  Turbulence intensity m/sec 

'
r.m.s.u  Modified turbulence intensity m/sec 

'
n r.m.s.u ⋅  The nth moment of the modified turbulence intensity m/sec 

eff .u  The effective modified turbulence intensity m/sec 

r.m.s.u+  Non dimensional turbulence intensity - 

totalu+  Non dimensional total velocity - 

V Volume m3 
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y Distance to the wall or virtual bed level m 

0y  Integration constant m 

y+  Non dimensional distance to the wall (Reynolds number) - 

α  The velocity factor at a certain exposure level - 

vδ  Thickness of the viscous sub layer m 

v
+δ  The non-dimensional thickness of the viscous sub layer 11.6 

κ  Von Karman constant 0.412 

ρ  Fluid density kg/m3 

fρ  Fluid density kg/m3 

sρ  Solids density kg/m3 

wρ  The density of water or fluids kg/m3 

qρ  The density of quarts or solids kg/m3 

φ  Internal friction angle/angle of repose ° 

0φ  The Coulomb friction angle quarts-quarts ° 

0φ  Pivot angle in Wiberg & Smith (1987A) ° 

Rollφ  Friction angle for rolling resistance ° 

ψ  The dilatation angle ° 

ψ  The pivot angle ° 

θ  The Shields parameter or non-dimensional shear stress - 

5θ  The Shields parameter for 5ξ =  - 

70θ  The Shields parameter for 70ξ =  - 

τ  Total shear stress Pa 
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tτ  Turbulent shear stress Pa 

vτ  Viscous shear stress Pa 

bτ  Bed shear stress Pa 

ν  Kinematic viscosity m2/sec 

µ  Friction coefficient usually the tangent of the internal friction 
angle 

- 

Rollµ  Equivalent friction coefficient for rolling - 

ξ  The non-dimensional distance of the top of the sphere to the 
virtual bed level 

- 
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